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Preface 


Differential and integral calculus, the most applicable mathematical theory, was cre- 
ated independently by Isaac Newton and Gottfried Wilhelm Leibnitz in the sec- 
ond half of the 17th century. Later, Leonard Euler redirected calculus by giving 
a central place to the concept of function, and thus founded analysis. Two opera- 
tions, differentiation and integration, are basic in calculus and analysis. In fact, they 
are the infinitesimal versions of the subtraction and addition operations on num- 
bers, respectively. In the period from 1967 till 1970, Michael Grossman and Robert 
Katz gave definitions of a new kind of derivative and integral, moving the roles of 
subtraction and addition to division and multiplication, and thus established a new 
calculus, called multiplicative calculus. Sometimes, it is called an alternative or non- 
Newtonian calculus as well. Multiplicative calculus can especially be useful as a 
mathematical tool for economics and finance. 

This book is devoted to the multiplicative differential calculus. It summarizes the 
most recent contributions in this area. The book is intended for senior undergrad- 
uate students and beginning graduate students of engineering and science courses. 
The book contains seven chapters. The chapters in the book are pedagogically or- 
ganized. Each chapter concludes with a section of practical problems. In Chapter 1, 
we introduce the field R, and define the basic multiplicative arithmetic operations: 
multiplicative addition, multiplicative subtraction, multiplicative multiplication and 
multiplicative division, and are given some of their properties. In this chapter, we 
have defined the basic elementary multiplicative functions and are deducted some of 
their properties. Chapter 2 is devoted on the multiplicative derivative of a function. 
We deduct some of its properties such as multiplicative differentiation of multiplica- 
tive sum of two functions, multiplicative differentiation of multiplicative product and 
multiplicative quotient of two functions. In this chapter, we have defined multiplica- 
tive differentials and given some criteria for monotonicity of a function and local 
extremum of a function. In this chapter, we have deducted the multiplicative Rolle 
theorem, Lagrange theorem and Cauchy theorem as well as the multiplicative Tay- 
lor formula. In Chapter 3, we introduce the indefinite multiplicative integral and 
the Cauchy multiplicative integral and deduct some of their properties. We deduct 
the table of the basic multiplicative integrals. We consider multiplicative integra- 
tion by substitutions and multiplicative integration by parts. We prove some impor- 
tant inequalities for the multiplicative integrals and deduct and prove some mean 
value theorems for multiplicative integrals. Chapter 4 deals with the improper mul- 
tiplicative integrals on finite and infinite intervals. We give and prove some crite- 
ria for convergence and divergence of improper multiplicative integrals. In Chap- 
ter 5, we introduce the space R” and define in the basic multiplicative operations: 
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multiplicative addition and multiplicative multiplication, and proved that Ris a lin- 
ear vector space. We define the multiplicative inner product of multiplicative vec- 
tors, multiplicative length of a multiplicative vector and multiplicative distance be- 
tween two multiplicative vectors and deduct some of their properties. In Chapter 6, 
we define partial multiplicative derivatives of first and higher order and investigate 
some of their properties. In this chapter, we have considered multiplicative differen- 
tials and are given their expressions. We define multiplicative directional derivatives 
and deduct some of their properties. In this chapter, we have given some necessary 
conditions for existence of local extremum of a function. In Chapter 7, we inves- 
tigate multiplicative integrals depending on parameters and using them and define 
iterated multiplicative integrals. We define multiple multiplicative and multiple im- 
proper multiplicative integrals and investigate their properties. 

This book is addressed to a wide audience of specialists such as mathematicians, 
physicists, engineers and biologists. It can be used as a textbook at the graduate level 
and as a reference book for several disciplines. 


Svetlin G. Georgiev and Khaled Zennir 
Paris 
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1 
The Field R, 


In this chapter, we introduce the field IR, and define the basic multiplicative arith- 
metic operations: multiplicative addition, multiplicative subtraction, multiplicative 
multiplication and multiplicative division and are given some of their properties. In 
this chapter, we define the basic elementary multiplicative functions and are also 
deducted some of their properties. 


1.1 Definition 
Let R, = (0,°°). 


Definition 1.1. In the set R, we define the multiplicative addition or « addition +, 
in the following manner 
a+,b=ab, a,bER,. 


Example 1.1. Let a= 1, b =3. Then 


a+,b = 1+,3 


= 3. 


Definition 1.2. In the set R, we define the multiplicative multiplication or « multi- 
plication -, as follows 


ayb= elogalogh 
Example 1.2. Let a = | and b =e. Then 
ay4b = log loge 
=, JI, 
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1 
Example 1.3. Let a=2,b= 3° c =4. We will find 
A= (at,.b) xc. 
We have 
+40 2 : 
a = es 
: 3 
8 
oe ee 
Then 
Ae oe elog(at+xb) loge 
els 3 log4 
eZ log 2 log a ; 
Exercise 1.1. Let a =e, b=e*, c= e!°. Find 
A= (a4,b) x. 


Answer 1.1. A =e”. 


Definition 1.3. In the set R, we define the multiplicative zero (« zero) and multi- 
plicative unit (« unit) as follows 


0,=1 and l,=e. 


Below, we have listed some of the properties of the multiplicative addition and 
multiplicative multiplication. 


1. Commutativity of « Addition. Let x,y € R, be arbitrarily chosen. Then 


X+4y xy 


= yx 


y +X. 
2. Associativity of x Addition. Let x,y,z € R, be arbitrarily chosen. Then 


x44 (yt.z) = x4, (yz) 
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= (xy)z 
= (x+.y)z 


= (x +. y) +, %. 
3. x Identity Element of x Addition. Let x € R, be arbitrarily chosen. Then 


x+,0, = x4+,1 
= x-l 


= XxX. 


4. x Inverse Elements of x Addition. Let x € R, be arbitrarily chosen. De- 


fine 
1 
—yxX=-. 
x 
Then 
1 
x+, (—,x) = Xt, [- 
x 
1 
— XxX _— 
x 
= | 
= O0,. 
5. x Identity Element of x Multiplication. Let x € R, be arbitrarily chosen. 
Then 
xXy1, = xe 
elogxloge 
= close 
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6. x Inverse Elements of x Multiplication. Let x € R, be arbitrarily chosen. 
Take 
x lk = eboer, 


Then 


1 
-1 
Xx * Xr (em) 


1 
elogxloge le 


a 
7. Distributivity. Let x,y,z € R, be arbitrarily chosen. Then 


(X+4Y) eZ = (HY) 4zZ 

3 logy) logz 

— ellogxtlogy) logz 
_ elogxlogztog ylogz 


a2 elogxlogz log ylogz 


= (X+y)+(¥-«2z) 


= (XZ) +x x2): 
Definition 1.4. For any x € R,, the number 


x= - 
Xx 


will be called the multiplicative opposite number or x opposite number of x. 


We have 
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eIE| Re 


for any x € R,. 


Definition 1.5. For x,y € R,, define multiplicative subtraction or x subtraction —, 
as follows 


X-%yY = x+y (—,y) 


<ie 


Definition 1.6. For x € R,, x 4 0,, the number 
1 1 
x” * = elesx 


will be called the multiplicative reciprocal or x reciprocal of the number x. 


We have 
1 -1 
(es) Mio (c oe ) ° 
1 
ie 
e loge osx 
close 
= x 
for any x € Ry, x 40,. 


Definition 1.7. For x,y € R,, define multiplicative division or « division /, as fol- 
lows 


x/ay = ty *) 
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1 
Xx (a ) 


1 
logy 
elogxloge ObY 


logx 
= elbesy, 


Example 1.4. We will find 


A= (2443) -44-4 (3 +41)/,5. 
We have 


Al (053) 9438-5 


= 644-,3/,5 


log3 


clog 6log4 —, e loss 


log3 
e086 log2— Togs | 


Exercise 1.2. Find 
1. A= (3-,5)/,24+, (44,2) -,e. 
2. A=34,2-43+4 (24,4). 
3.A=1-,3444+4 (14,5). 


Answer 1.2. 
log 3 
1. eles +3082 
log6 
2. e@ 3log3log2 : 
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Theorem 1.1. For any a,b € R,, the equation 


at+,x=b (1.1) 
has at least one solution. 
Proof Let 
x=b-,a 
Then 
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SIS 


This completes the proof. 


Corollary 1.1. Any solution x € R, of the equation 


at+,x=a, aER,, (1.2) 
is a solution of the equation 
b+,x=b, bDER,. (1.3) 
Proof By Theorem 1.1, it follows that the equation (1.2) and the equation 
at+.y=b 
have at least one solution x and y, respectively. Then 


b4+,x = (a+sy) +x 


= ats (yt+x) 


= ats(rtsy) 
= (a ++) +x y 
= at+xy 


= b, 
i.e., x is a solution of the equation (1.3). This completes the proof. 


Corollary 1.2. The equation (1.2) has a unique solution. 


Proof By Theorem 1.1, it follows that the equation (1.2) has at least one solution. 
Assume that the equation (1.2) has two solutions x and y. Then 


at+,x=a 


and 
at+y,y=a. 
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By Corollary 1.1, it follows 


YrsX =y 
and 
X+,yY =X 
Hence, 
Y = Yrsex 
= X+yy 
=X 


This completes the proof. 
Remark 1.1. By Corollary 1.2, it follows that the multiplicative zero 0, is unique. 
Corollary 1.3. For any a,b € R,, the equation (1.1) has a unique solution. 


Proof By Theorem 1.1, it follows that the equation (1.1) has at least one solution. 
Assume that the equation (1.1) has two solutions x and y. Then 


at+,x=b 


and 
at+,y=b. 


By Theorem 1.1, it follows that the equation 


a+42= 0, 
has at least one solution. Hence, 
y = yts0, 
= Te (a ++ Zz) 
= (y Tx a) TZ 
= (a+xy) +42 
= b +4 Z 


= (at,x)4iZ 
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This completes the proof. 
Theorem 1.2. For any a € R,, a 4 0,, the equation 

ayx=b (1.4) 
has a solution. 


Proof Let 
x=b/,a. 


Then 
ayx = a+(b/,a) 


logb 
= a-,e lesa 


logb 
logaloge 4 


logb 
2° Tosa 


eos 


This completes the proof. 


Corollary 1.4. If a € R,, a 4 0,, then any solution of the equation 
ayxX=a (1.5) 
is a solution to the equation 


byx=b, DER,. (1.6) 
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Proof By Theorem 1.2, it follows that the equation (1.5) and the equation 
ayy=b 
have at least one solution x and y, respectively. Then 


byx = (any) 4x 


= 44 (Vx) 


= 44 (xx) 


= (aX) xy 


= b 
1.e., x is a solution to the equation (1.6). This completes the proof. 
Corollary 1.5. Let a € R,, a #0,. Then the equation (1.5) has a unique solution. 


Proof By Theorem 1.2, it follows that the equation (1.5) has at least one solution. 
Let x and y be two solutions to the equation (1.5). By Corollary 1.4, it follows that 


VixX=y 
and 
XyY=xX. 
Hence, 
Y = V%x 
—— X*xy 
et 


This completes the proof. 
Remark 1.2. By Corollary 1.5, it follows that the multiplicative unit is unique. 


Corollary 1.6. Let a € R,, a # 0,. Then the equation (1.4) has a unique solution. 
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Proof By Theorem 1.2, it follows that the equation (1.4) has at least one solution. 
Assume that the equation (1.4) has two solutions x and y. By Theorem 1.2, we have 
that the equation 


a4z2= 1, 
has at least one solution. Then 

y = yxy 
= yy(a42Z) 
= (Yn) eZ 
= (any) Zz 
= bz 
= (AX) 42 
= (Xa) 42 
= x4 (a2) 
= x41, 
= xX. 


This completes the proof. 


Corollary 1.7. Let a,b € R,. Then 


1 

2. a—,0O, =a. 

3. a+ 0, = Oy. 

4. (-41,) 4a = 4a. 
5. (~s1 4) (—sds) = Le. 
6. —.(a—.b) =b-,a. 
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Proof 
1. We have that 0, is a solution to the equation 
0,+4x =0,. (1.7) 


Since 
0, +x (—,0,) = 0., 


we obtain that —,0, is also a solution of the equation (1.7). By Corollary 
1.2, it follows that the equation (1.7) has a unique solution. Therefore 


2. We have 


3. We have 


ayQ. = axl 


elogalog! 


4. We have 


(-41,) +A = (—,e) a 


ole 
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5. We have 


(—.1,) * (-41,) 


6. We have 


This completes the proof. 


ear elo i loga 


= e toga 


Q1e 


= -,a. 


x elo : log 4 


S1S ss) eR 


> 
| 

+ 

8 


13 
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1.2 An Order in R, 


Definition 1.8. We say that a number a € R, is multiplicative positive or x positive 
if a > 1. We will write a >, O,. 


Example 1.5. 5 is x positive. 


Definition 1.9. A number a € R, is said to be a multiplicative negative or « negative 
if it is not equal to 0, and it is not x positive. We will write a <,, 0,. 


1 
Example 1.6. 5 is a x negative number. 


Definition 1.10. Let a,b € R,. We say that a is multiplicative greater than b or x 
greater than b and we will write a >, b if a—,b >, 0,. We will denote a >, b if 
a>,bora=b. 


Remark 1.3. Let a,b € R,. Then 


a>,b = a-yb>,.Q, aS pol = a>b. 


Definition 1.11. Let a,b € R,. We say that a is multiplicative less than b or x less 
than b and we will write a <, bif a—,b <, 0,. We will denote a <, bifa<, bor 
a=b. 


Remark 1.4. Let a,b € R,. Then 


ax<x~b = a-yb< Qe SS pan = ax<b. 
Theorem 1.3. Let a,b,c,d € Ry. If 
a>,b and c>,d, (1.8) 


then 
at,c>,b4+,d. 


Proof By (1.8), it follows that 
a>b>0O and c>d>0. 
Then 


a+,c = ac 


b+,d. 


This completes the proof. 
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Theorem 1.4. Let a,b,c,d € Ry. If 
a>,b, c>yd, c>.0,, D>, 04, (1.9) 


then 
ayc >yb-yd. 


Proof By (1.9), it follows that 


a>b, c>d, c>1, b>. 


Then 
loga > _ logb, 
loge > _ logd, 
loge > 0, 
logb > 0, 
whereupon 
logaloge > _ logbloge 
> logblogd 
and 
elogaloge > eerloge 
1.€., 


ayc >yb-yd. 


This completes the proof. 


Theorem 1.5 (Chebyschev Multiplicative Inequality). Let a,,a2,b,,b2 € R,. Then 
the inequality 


1 
Ay 4 Dy +422 < CF (ay +, a2) ke (by +, b2) 
if and only if 


b 
log us log = <0. 
a by 
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Proof Note that 


log ie log were 
a 
if and only if 
1 
log a, log b; + logazlogb2 < 5 log(ajaz)log(bib2) 
if and only if 
esa log b; +logay log by < #2 log (a, az) log(b, bz) 
1 
loge? log(aiaz) log(b1 b2) 
if and only if 


1 
A 4 D1 +402 %b2 <, C2 4 (G1 +402) (b1 +42). 
This completes the proof. 
Theorem 1.6. Let a,b,c,A € R,. 


1. Ifa >, b, thena+,c¢ >, b+ yc. 

2. Ifa>,bandb>,c¢, thena>, c. 

3. IfA >, 0, and a>, b, then) +a >A +b. 
4. Ifa <,0, and a>, b, thenhd.a<,A +b. 


Proof 
1. Leta>, b. Then a > b and hence, 
ac > be, 


or 
at,c>,b+xc. 


2. Leta>,bandb>,c.Thena>bandb>c. Hence,a>canda>, c. 
3. Leta >, 0, anda>, b. Then A > 1 and loga > 0, and 


loga > logb. 
Hence, 
logA loga > logA logb 
and 
log loga > log logb 
or 


Aa >, Ab. 
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4. Leta <, 0, anda >, b. Then A € (0,1) and 


loga>logb, loga <0. 


Hence, 
logAloga < logAlogb 
and 
elogA loga < elogAlogh 
or 
Aya<y Ab. 


This completes the proof. 


1.3. Multiplicative Absolute Value 


In this section, we will define the multiplicative absolute value and deduct some of 
its properties. 


Definition 1.12. Let x € R,. The multiplicative absolute value is defined as follows 


x if x>,0,, 


x]. = 
- if x<,0,, 
or 
x if x>1, 
Ix]x = 
—- if x<l. 


Example 1.7. Let x = 5. Then |x|, =5. 


1 
Example 1.8. Let x = ra Then |x|, =6. 


Below, we will deduct some of the properties of the multiplicative absolute value. 
Let a,b € R,. 


1. Jal, >4 Oy. 
Proof If a >, 0,, then a > 1 and 


lal, = @ 
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Po 
> Ox. 
Let a <, 0,. Then a < 1 and 
1 
Idk = - 
> 1 
2x 0. 
This completes the proof. 
2. Jal, =|—.al,- 
Proof We have ; 
—,a=-. 
a 
Then 
a if a>l, 
lal. = 
- if a<l, 
and 
- if a<l, 
|. a|. = e 
a if a>l 
Therefore 
lal, =|—+a]s- 
This completes the proof. 
3. lat, bl, < lal, +, |b|,- 
Proof We have 
a+,b=ab. 


We will consider the following cases: 


(a) Letab> 1. 
i. Leta >1,b< 1. Then 


lal. = 4a, 


The Field R, 


lb. = 7 
and 
lJa+.b|, = abl, 
= ab 
2 1 
a- 
~ b 
i 1 
— a se 
b 
= lal, +4 |B|x- 


li. The case a < 1 and b > 1 we leave to the reader as an exercise. 
ii. Leta >1 and b> 1. Then 


|a|. = a, 
lb. = 0. 
Hence, 
la+.bl. = lad. 
= ab 
= a+ ,b 
= lal, ++ |bl.- 


(b) Letab <1. 
i. Leta<1landb< 1. Then 


1 
lal. = aS 
a 
1 
bl, = =, 
| b 
1 
lab, = — 


20 
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Hence, 
lJa+.b|, = abl, 
=) 
ab 
= |al,|b|. 
= lal, ts |dl.- 
li. Leta >1,b< 1. Then 
la * = a, 
1 
b, = oo, 
| b 
1 
b, = -, 
la ab 
Te ey 
a 
Hence, 
lJa+.b|, = abl, 
a*. il 
~ ab 
a 
Sy az 
~ ob 
= |al.|b|. 
= laly +x Dx. 


ii. The case a < 1 and b > 1 we leave to the reader as an exercise. 
This completes the proof. 


la—. b\,. Pan lal, ame DI... 
Proof We have 


lale—x [Ble = lan b +4 |e —« [Pls 
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IA 


la —* blx. +x bl. x |b|x 


= |a—-,d|,. 
This completes the proof. 


Exercise 1.3. Let a,b € R,. Prove that 


I, lle —» lD| |x Ss la —, dx. 
2. la+bly = lala + [Dls- 
3. la/sbls = |a|+/x|b|- 


21 


1.4 The Multiplicative Factorial. Multiplicative Binomial 
Coefficients 


Definition 1.13. For n € N, define the multiplicative factorial n!, as follows 


n! 


nisi 
Example 1.9. We have 
3, = & 
ee: 
=> ee; 
Example 1.10. We have 
4, = e 
— 9432 
= (gt 


Example 1.11. We have 
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oo432 


20, 


Exercise 1.4. Compute 6!,. 
Answer 1.3. ¢/7°. 


Definition 1.14. Forn,k € N, n > k, define 


Example 1.12. We have 


Exercise 1.5. Find 


Answer 1.4. e!°. 


Theorem 1.7. Forn,k © N,n>k, we have 


CCE) Car), 


Proof We have 


The Field R, 23 


This completes the proof. 


1.5 Multiplicative Functions of One Variable 


Definition 1.15. For a function f : R, — R, we define the function f, : R, + [0,°) 
as follows 
f(x) = ef (log) xeER,. 


Example 1.13. Let f(x) = 1—x, x € R,. Then f,(x) =e! 8", xe R,. In Fig. 1.1, 
it is shown the graphics of f and f, on [5,10]. 


Example 1.14. Let 


We will find 
Si (*) +4 8x(x), x ERs 

We have 

tx (x) ellogx)? 

8 (x) ellos)? xE R, 
Hence, 

felx) tge(x) = elle? 4, elloeay’ 
ellogx)?+(logx)? xeER,. 
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— |-x 

Out[25]= —4 

exp(1) 
x 


FIGURE 1.1 
The graphics of the functions f(x) = 1—x, x € R,, and f, (x) = eller YER. 


Exercise 1.6. Let 
f@x)=x, g(x)=x", xeR,. 


Find 
1. f(x), x ER, 
2. gx(x),x ER, 
3. f(x) +4 84(x), x ER. 
4. fi (x) —4 94(x), x © Ry. 
5. fe(X) + B(x), x E Ry. 
6. f(x) /48x(x), x Ry 
Answer 1.5. I. x,xE€R,. 
2. elloee)” xe Ry. 
3. xellosx)” xeER,. 
4. xe7 logs)” xER,. 


3 

5, ellos” x eR,. 
1 

6. elosx, xE Ry. 


Definition 1.16. Let A C R,. The function f, : A — [0,c°) is said to be a continuous 
multiplicative function at the point xo € A if e/“'°2*) is continuous at xp. The function 
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fx 1s said to be a continuous multiplicative function on A if it is continuous at any 
point of A. 


Since the logarithm function and the exponential function are continuous func- 
tions on R,, by the above definition, it follows that if f is a continuous function on 
A, then f, is a continuous function on A and the conversely. 


1.6 The Multiplicative Power Function 


In this section, we will define the power function and we will deduct some of its 
properties. 


Definition 1.17. Let x ¢ R, and k € N. Define 


x > reve A 
k 
By Definition 1.17, it follows 
x = xX 4X 
elogslogx 
2 
—  ellogx)? 


Assume that A 
he = (logs) 
for some k € N. We will prove that 


ykth 


Really, 


kth 


k 
ss. -gllows) 


plogelloss)® logx 
=. e(logx)* logx 


logx)+! 


— Al 
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Example 1.15. We have 
93s — e(log2)_ 


Example 1.16. We will compute 


= (3444) 43%. 


We have 
= 12, 
3% —  p(log3)”_ 
Then 
A = 12-, e(log3)? 
e(log(12)) (log3)? 
e(2log2-+log3)(log3)”_ 
Exercise 1.7. Compute 
1. A= ((2—41)/43)*. 
2. A= (44, 2)2)* =, 2, 
3. A = ((S—+3) /44)* ++ (3-42). 
Cor 
Answer 1.6. 1. eX'83) , 


1 
2. se 


2 
(loz 3) 
goer beer ‘{log2)2 | 
Definition 1.18. Let x € R, and k € N. Define 
k 
1 
x = elie) : 


Note that 


elms), ollosx! 


The Field R, 


(1ot2)” jogetten! 
loge Tosx) Jog ellos) 


= o(rtx), oss)! 


= oly 
Example 1.17. We have 
1 4 
5% = ewes) ‘ 
Definition 1.19. Let x € R,, p,q € N. Define 


a ( 
xdx =e 


be P\ Wx 
(yr = (ee 
P\4d 
(a # ) 
= @ 


mC) 


Pp 
= (logs) 


P 
logx) 7 


Note that 


= xPx, 


Example 1.18. We have 
3 
2h, = plloe2)+ 


Definition 1.20. Let x € R, andk € R. Define 
ah = ellogx)* 
Note that for any k € R, we have 
I = ellose) 
= e 
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Now, we will deduct some useful formulae. 


1. (x+tey)* = x ye" 4X4 VEY EVE R,. 


Proof We have 
(xtey)* = (ay) 
—  ellog(ay))? 
—  p(logxtlogy)? 


= e(logx)?+2log.xlogy+ (logy) 
pan ellogx)” ,2logxlogy (logy) 
_ ellogx)? +. e2logxlogy hs ellogy) 


2 
= x2* oo e . elogxlogy +, ellogy) 


2 2. 
= xX* 4+, EY XY Mt Y™. 


This completes the proof. 


2. (x —,y)?* = x7 age ei aI x,y ER. 
Proof We have 
x a 
ay = (2) 
: y 


_ pllost)? 

—  pllogx—logy)? 

ae e(logx)? —2log.xlogy+ (logy)? 
= e(logx)” .—2logxlogy (logy)? 


2 2. 
= ellogx) mee e2logxlogy st ellogy) 
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2 
a 2 =. e " elogslogy +, elegy) 


= He yey tay, 
This completes the proof. 


3. wtey)* S20 +e x ey tye aay tay ny eRe 


Proof We have 
(xt.y)* = (ay)** 
— ellog(ay))’ 
= logx+logy)3 


log x)? +3(log.x)? log y+3logx(logy)*+(logy)3 


3 2. 2 3 

= ellogx)’ 1  eillogx)"logy | _3logx(logy)” 1 ollogy) 
2 2 

Pra xe ie 3 .,, e (108) 4 e8y he 3 ie eloax a ellogy) 


+ ,ellosy)? 


SE I Vt KV te 


This completes the proof. 


3. 3 


4. (e—uyyr =X nx “ye? Xe y* —y"*, x,y € Ry. 


*— Je 


Proof We have 


e-wy = (2) 


x)\3 
ellos 7) 
e(logx—logy)* 


e(logx)? —3(logx)* logy-+3log.x(log y)?—(logy)* 
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ellos)? = e3(logx)? logy sje e3logx(logy)? —, ellosy)? 
2 ‘2 
= x3* mee @ .,, @ (108%) », elOBY ay @ ” lax - ellogy) 


— ellosy)? 


This completes the proof. 


Exercise 1.8. Prove 


1. (x 
2. (x 
3. (x 


+ 
* 

“< 
Ra 
< 
Mm 
+ 


bY) x (X 


(44) “4 (0* any ty") = 2* "4 EVER, 
Definition 1.21. For k € R and f : R, — [0,°¢). define 
(fe(x))* =e" vER,. 
Example 1.19. Let f(x) = sinx, x € R. Then 
1 
(AC) eda 
1 
e(sin(logx)) 3 , xeER,. 

Definition 1.22. For a € R,, define 

a 7a on c R, 
In particular, we have 

P ¥ elogx 

= e&, xER,. 


Below, we will deduct some of the properties of the function at, x € R,. 
l. ay @ =a, x,y eR. 


Proof We have 


x 


ana = e ae 
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logx ,logy 
a ar 
e 
logx+logy 
a ) 
e 


Jog(sy) 
ef 


= &, x,yeR,. 
This completes the proof. 
2. at/,@ =a, x,y ER. 
Proof We have 


jogx 


af = /,e 


qlogx 


= edgy 


logx—logy 


og ¢ 


This completes the proof. 


1.7 Multiplicative Trigonometric Functions 


Definition 1.23. For x € R,, define multiplicative sine, multiplicative cosine, multi- 
plicative tangent and multiplicative cotangent as follows 


sin, x = eSinlosy, 


cos, x = eles, 


1. 
2. 
3. tan, x = elanlosx, 
4. cotyx = eetlos, 
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Example 1.20. We have 


. 4 
sin, e2 


and 


NIa 


COs, e 


Example 1.21. We will compute 
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inloge2 
edinloge 


e 


tH 2 
sin 5 


1, 


loge? 
ecosloge 


e 


cos % 


Ox. 


; x x 
A=2-,sin,e4 +,cos,e4. 


We have 


AIA 


sin, € 


‘ 4 
2+, sin, eF 


AIA 


COs, e 


e 


e 


e 


5 4 
sinloge 4 


v2 
log2loge 2” 


V2log2 
? 


(tose?) 
cos( loge 
e s 


e 


cos F 
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Therefore 


Exercise 1.9. Find 


a A a a u 
A=3-+,cos,e4 —, singe? +,2-,cos,e2 +, cot e4. 


v2 


Answer 1.7. e 2 23, 


We will deduct some of the basic properties of the multiplicative trigonometric 
functions. 


1. singx+,sinyy = e7 -, sin, ((x +,y) /,€7) +, COS, Ke: —,y) ie). 
Proof We have 


sin, x+y sing y _ esinlog« “ity esinlogy 


esinlogx+sinlog y 
si logx+logy logx—logy 
= e sin oy a cos ar rane 


_ Py sin (log vv) cos (log V2) 
- 2 - pvin(log vay) cos(log\/F) 


= e & esin(log Vy) 200s(log V3) 
= ¢@ i esin(log((x+4y)/xe”)) ie 2608 (log((x—sy)/+e”)) 
= e +, SIN, (x +,y) /€7) “4 COS, ((x =) / se”) ; 


This completes the proof. 
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2. sin, x—, Sing y = e+, sin, ((x —,y) / +e”) +, COS, (x +,y) / +e”). 


Proof We have 


sin, xX —, Sin, y =e 


sinlogx sinlogy 
—,e 
esinlogx—sinlog y 


logx—logy logx+logy 
a etigst sos 


2 sin cos 
e 


oe (log vv) sin(log J2) 


e ; 200 (loz v9) sin (log V3) 


x 


e - 0005(log Vy) esin(loz/¥) 


e 4. 008(log((x-++y)/xe7)) “f esin(log((x—«y)/xe”)) 


e -, sin, ((x —,y) /4€7) +, COS, ((x +,y) ie) ; 


This completes the proof. 


3. (sin, x)** +, (cos,x)* = 1,. 


Proof We have 


(sin,.x)* 


2. sinlogx oe cos logx 2 
+, (cos,x)* = (e =) +,(e : =) 


_ p(logesinioes)? ns p(logers!oe~)? 
* 


e(sinlogx)? tia e(coslogx)” 


= e(sinlog.x)? +(coslogx)? 


This completes the proof. 
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4, (sin, x)™* = (1, —+ 008, (€? 4) /xe”. 
Proof We have 


(1k —, C08, (e”- ee = e—, eS (log( e *))) ae 


e—, eS eS) |e 


e—, e& (2logx) ) V3 e 


e008 saa ;) /.e 


l| 


el- cos(2 log x) ) he? é 


e 


(e- 
(e- 
(e- 
(sameen 
( 
( 


2(sinlog.x) *) fe e 


loge2(sinlogx)? 


= @  loger 


e(sinlogx)? 


e(log esin logx)? 


inl 2 
(e* oe) 


Qe 


= (sin,x) 
This completes the proof. 
5. (cos,.x)7* = (he +, COS, (e 4):) jae 
Proof We have 


(1.-+.00s. (e-43)) fae” 


l| 


e+, es(le(e)) je? 


Ot: gee) e 
* * 


e +,e°(2loes) | /,e? 


e e 


( 
( 
( 
( 


1+cos(2 log x) )/ 2 
* 
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This completes the proof. 
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( e2(cos ‘Sr ie Pe) 


2(coslog.x)? 


2 


loge 
e loge 


e(coslogx)* 
2 


Z (log e098 logx) 


1 2 
(e oe) 


(cos,x)**. 


6. COS,xX +, COS, Y = €* +, COS, ((x+4y) /+e”) COS, ((¥-+y) fe. 


Proof We have 


cos, x +, Cos, y = eooslogx oe eooslogy 


= e008 logx+cos logy 
2 logx+logy logx—logy 
e cos —— eae cos —y 


22008(log vy) cos (og V3) 
a gents vv) cos (log Jv 5) 


* 


a a °08(log xy) & oc0s(log/5) 


2 


& m e°0s(log((x+4y)/xe7)) «,, 0608 (log((x-2y)/+e7)) 


= ¢&-,cos, ((x+y) /s€7) + COS, ((x -+y) /4€7) : 


This completes the proof. 


T. COS,X—4 COS, y = —,e* +, SiN, Re: —,y) / +e”) +, SIN, ((x +,y) cae 
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Proof We have 


COS, X —4 COS, y =e 
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coslogx coslogy 
—,e 


e608 logx—cos log y 


logx—logy logx+logy 
2 2 


2sin sin 
e 


ie sin (log vx) sin (log J) 


* 


e Si pin(log vv) sin(log V5) 
=o? ‘i esin(log xy) ig esin(loz V5) 
se" - esin(log( (x+sy)/xe”)) i” esin(log((x—«y)/xe”)) 


—,e7 +, sin, (x —,y) /s€7) +, SiN, ((x +,y) /+€7) . 


This completes the proof. 


8. tan,x = sin, x/,CcOs,x. 


Proof We have 


tan, x elanlogx 


sinlogx 


= = ecoslogx 


log esinlogx 


= e log eS logx 


= (emer) ss (Cauee 


= sin,x/,cos,x. 


This completes the proof. 


9. cot,x = cos,x/, Sin, x. 


Proof We have 


cot.x = ecotlogx 
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This completes the proof. 
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coslogx 
e Sinlogx 


log e€9S logx 


log eSinlogx 


e 


Coad de (ener) 


cos, x/, SiN, x. 


1.8 Multiplicative Inverse Trigonometric Functions 


In this section, we will define the multiplicative inverse trigonometric functions. 


Definition 1.24. For x € R,, we define the multiplicative inverse trigonometric 
functions as follows 


1. 
2; 
3. 
4. 


aresin, x — earcsin(logx) 


arccos, x = eurccos(logx) 


arctan, x — euctan(logx) 


arccot,x — earccot(logx) a‘ 


Example 1.22. We have 


and 


F v2 
arcsin, e@ 2 


arctan, e 


v2 
arcsin| loge 2” 
e 


arcsin ( #) 
e 


arctan loge 
e g 
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arctan 1 
e 


au 
= ef, 


Now, we have listed some of the properties of the multiplicative inverse trigono- 
metric functions. 


1. For x € R,, we have 


sin, (arcsin,x) = esin(log(aresin, x)) 


_ (log (earesin(log) ) ) 


=e 
a esin(aresin(logx)) 
= close 
= XxX. 
2. For x € R,, we have 
arcsing(singx) = sin(loe(sin.) 


= earesin(log(eSin('e8) ) ) 


= extcsin(sin(logx)) 

= elosx 

= XxX. 

3. For x € R,, we have 
_ cos(log(arccos,.x)) 
cos, (arccos,x) = e 
arccos(log 

f= 000s (log earccos( osx) ) 


evos(arecos(logx)) 


= elosx 
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Exercise 1.10. Prove that 
arccos, (cos,x) =x, xER,. 
Example 1.23. We will find 
arcsin,(cos,x), xER,. 
We have 


arcsin,(cos,x) =  etesin(log(cos,*)) 


F 20s (log 
eitesin (log (2° osx) )) 
eurcsin(cos(log.x)) 


_ eircsin(sin(  —logx) ) 


For x € R,, we have 


tan, (arctanyx) = — ¢fan(log(arctan, x)) 


arctan(log. 
etan(log eae an( Bx) ) 


etan(arctan(log x)) 


— close 


Exercise 1.11. Prove that 
arctan, (tan,x) =x, xER,. 


For x € R,, we have 


COs, (arccos, x) _ e0os(log(arecos, x)) 


The Field R, 


6. For x € R,, we have 


cot, (arccot,x) = 


Exercise 1.12. Prove that 


arccos(log 
0008(logem”eos osx) ) 


eoos(arecos(logx)) 


elosx 


eoot(log(arccot,.)) 


arccot(log 
oot (log ewer ( osx) ) 


eoot(arecot(logx)) 


elosx 


arccot, (coty.x) =x, xER,. 


Example 1.24. We will find 


sin, (arctan,x), xER,. 
We have 
sin, (arctan, x) = eSin(log(arctan,. x)) 
_ gsin( ogee) 
_ gomaretani(log x) xER,. 
Let 
y= arctan(logx), xE Ry. 
Then y € (-5, =) and 
tany=logx, xER, 
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and 
siny = (logx)cosy, x€R,. 
Hence, 
Lo = sin? y + cos” y 
= (logx)?cos?y +cos’y 
= (1+ (log.x)*) cos*y, xER,, 
and j 
2 
= R,, 
Oe ta (log x)?’ 
or 
1 
cosy = ——————., 
Y / 14 (logx)? 
1 
siny = 08% , x R,. 
\/1+4 (log x)? 
Consequently 
sin, (arctan,.x) esiny 
logx 
_ Vie, eR, 


Exercise 1.13. Find 


1. cos,(arcsin, x), x € Ry. 


2. tan,(arcsin, x), x € Ry. 


3. cot,(arccos,x), x € Ry. 


Answer 1.8. 
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1.9 Multiplicative Hyperbolic Functions 
In this section, we will define the multiplicative hyperbolic functions and deduct 
some of their properties. 
Definition 1.25. For x € R,, define 
1. sinh, x = eSimh(logx) 
2. cosh, x = eshllos») 
3. tanh, x = e!@mhllos) 


4. coth, x = e©th(loss) 


Now, we have listed some of the properties of the multiplicative hyperbolic func- 
tions. 


1. Forx € R,, we have 


tanh, x = sinh,.x/, cosh, x. 


Proof We have 


log(sinh, x) 
sinh, x/,cosh,x = — @ls(coshx.) 


tg( (toes) 
pos <osntToEs)) 


sinh(log x) 
= = ecosh(logx) 


etanh(logx) 


=  tanh,x. 
This completes the proof. 
2. For x € R,, we have 


coth, x = cosh, x/, sinh, x. 
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Proof We have 


cosh,x/,sinh,x = — e les(sinhsx) 


log (ecosh(logx) 
s( esinh(log x) 
e log (e ) 


cosh(log x) 
= e Sinh(log x) 


ecoth(logx) 


= coth,x. 
This completes the proof. 
3. For x,y € R,, we have 


sinh, (x +, y) = sinh, x-, cosh, y+, sinh, y-, cosh, x. 


Proof We have 
sinh,(x+,y) = sinh, (xy) 
esinh(log(xy)) 
= esinh(logx+logy) 
esinh(logx) cosh(log y)+sinh(logy) cosh(logx) 
esinh(logx) cosh(logy) ,sinh(logy) cosh(logx) 
and 


sinh, x -, cosh, y +, sinh, y-, cosh, x 
)og(sinh, x) log(cosh, y) man elog(sinhs y) log(cosh,.x) 


log (esinh(logs) ) log (es(lo8y) ) 


a elog (esinh(logy) ) log (ecosh(log) ) 
* 


The Field R, 
esinh(logx) cosh(logy) ey eSinh(logy) cosh(log x) 
esinh(logx) cosh(logy) esinh(log y) cosh(logx) 
esinh(logx) cosh(log y)+sinh(logy) cosh(logx) ; 
Consequently 
sinh, (x +, y) = sinh, x-, cosh, y+, sinh, y-, cosh, x. 


This completes the proof. 


4. For x,y € R,, we have 


cosh, (x +, y) =cosh,x-, cosh, y +, sinh, y-, sinh, x. 


Proof We have 
cosh,(x+,y) =  cosh,(xy) 
_ gcosh(log(ay)) 
= ecosh(log x+logy) 
= ecosh(logx) cosh(log y)+sinh(logy) sinh(log x) 
= ecosh(logx) cosh(logy) esinh(logy) sinh(log x) 
and 


cosh,x-, cosh, y+, sinh, y+, sinh, x 
s )og(cosh. x) log(cosh, y) io elog(sinh, y) log(sinh, x) 
cosh(log cosh(log y 
elos (ees (log.x) ) log(e°°s ( egy) 


4 elos( esinh(log y) ) log( esinh(logx) ) 
*x 


ecosh(logx) cosh(logy) fhe esinh(logy) sinh (log x) 
ecosh(logx) cosh(log y) eSinh(logy) sinh (log x) 


ecosh(logx) cosh(log y)+sinh(log y) sinh(log x) 


Consequently 
cosh, (x +, y) =cosh,x-, cosh, y +, sinh, y-, sinh, x. 


This completes the proof. 
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1.10 Multiplicative Inverse Hyperbolic Functions 


In this section, we will define the multiplicative inverse hyperbolic functions and 
deduct some of their properties. 


Definition 1.26. For x € R,, define 
1. sinhy!+ x = eSinh (loss), 
2. cosh; *x = ecosh (log), 
3. tanh * x = etanh | (log), 


4. cothy x = ecoth (logs) 


Now, we have listed some of the properties of the multiplicative inverse hyper- 
bolic functions. 


1. sinh, (sinh, * x) =x,xeER,. 


Proof We have 


sinh, (sinh, *x) = sinh (log(sinh '*x)) 


sinh (log esinh! (oes) ) 
ée 


esinh(sinh™! (logx) ) 


close 


This completes the proof. 
2. cosh, (cosh, '* x) =x,xE Ry. 
Proof We have 


cosh, (cosh, !*x) = oon (Ios (cosh; '* x)) 


The Field R, 


This completes the proof. 


3. tanh, (tanh, '* x) =x,xER,. 


Proof We have 


tanh, (tanh, Is x) 


This completes the proof. 


4. coth, (coth,'* x) =x,xER,. 


Proof We have 


coth, (coth, Ie x) 


This completes the proof. 


cosh~! (logx) 
gor (loge ) 
ecosh(cosh (logx)) 
close 


x, xER,. 


a (log (tanh, be x) ) 
gianh (log etanh (logs) ) 
etanh(tanh~! (logx) ) 


elosx 


x, xER,. 


gon (log (coth, Ie x)) 
pon (log ecoth! (logs) ) 
eooth(coth™! (log) ) 
elosx 


x,x €R,. 
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1.11 Multiplicative Matrices 


Definition 1.27. A matrix whose entries are elements of R, will be called a mul- 


tiplicative matrix. The set of all multiplicative matrices m x n will be denoted by 
Mymxn- 


Definition 1.28. Let A = (aij) € Hrnxn and B = (bij) € Brnxn be multiplicative 
matrices and A © R,. Then, we define 


A+, B= (aij+, bij) and AA = (A+ aij). 


Example 1.25. Let 


1 
Dome 
A= 7 | and A=3. 
4 = 
8 
Then 
34,2 = elog3log2 
3+ ; = elog3log 3 
=, .ge(lees? 
344 = elog3log4 
_ e2log3log2 
1 1 
34-2 = elog3log g 
8 
e dlog3log2_ 
Hence, 
1 
34,2 34 
ee ae 
344 345 


- 2 
elog3log2 s (log3) 
eZ log3log2 e dlog3log2 " 


The Field R, 


Example 1.26. Let 


Then 


Hence, 


2 
le 
A= > ) and o-(1 
2; 
14+,2 = 1-2 
— 2, 
e+,3 = e:3 
= 3e, 
1 1 
2+,- = 2°: 
Te 5 
— 1, 
1 1 
34,5 = 3-= 
bie 3 
ae Ie 
4,2 e+,3 
A+,B = 1 1 
i. 2445 3443 


Exercise 1.14. Let 


Find 


> 
II 
WNwW|R 


and B= 


BeNIe 
A NWR 


Wl Re Ww 


NY WO 


e 
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Answer 1.9, 
1 1 
=. ys OA 
1 9 10 
: 4 3 e 
3e 8 20 
ee 
2. &3 
2. 1 ; e 
3 
of oo 
e 4 
elos3 log z elog2log 2 elog2log ; 
3. clog 2 log 3 a7 log2log3 3 


e(log3)°—log2 elog2log 3 elog3log5—2(log2)? 


Definition 1.29. The matrix , € M@xn, given by 


1, 0, nee 0, 

0, 1, tev 0, 
L= : F ‘ ; 

0, O; 1, 


will be called the multiplicative unit matrix. 


We have 
e l 1 
1 ie 1 
L= 
1 16s: e 


Definition 1.30. The matrix O, € 4inxn, defined by 


0, 0, seats 0, 
Oy NOs G82: fh, 

0, = a ‘ . ) 
Op. Wye “see Oy, 


will be called the multiplicative zero matrix. 


We have 


The Field R, 51 
If A = (aij) € Henxn, then 


A-,A => (ai;) oer (ai;) 


Definition 1.31. Let A € 4.7xn, A = (aij), B © Gaxm, B = (bi). Then, we define 
AB € Mrxm as follows 


Avy B= (agi bit +5 AK ++ ba +4 +++ + Ginx Dnt) - 


Example 1.27. Let 


1 I 2 

ea Epa Bie 

2 e 1 = 5 
4 


We will find A -, B. We have 
1 1 
Vn bts 5 ee ted g 


1 1 
elog log! Ae los 7 loge fe elog3log 5 


1+,e7 82 +, eZ los3log2 


I 


1 eos? . e Zlog3log2 


1 -210g310g2 
2 


and 


1 
bg 2te 503 443-45 
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1 
= log llog2 ig log 3 log3 abe elog3logs5 
= 14, e7 log2log3 ay elog3log5 
1 .@ log2log3 _ elog3logs 


lok 3(log5—log 2) 


elog3 log 3 : 
and 
1 
21 tye ee tel s 
4 
1 
elog2log 1 sas elogeloge a. elog llog g 
= 1 +e +5 1 
=> @, 
and 
2 24,40% 3 +4145 
2 
ellog2) wie elogelog3 Ae log llogs 
2 
ellog2) ine e)083 
3e(log2)?_ 
Hence, 


1_ 5 
a 2log3log2 elog3log 5 


é 3e(log2) 


Exercise 1.15. Find A-, B, where 


2) 3 2 
A= 4 5 and n= ( 1 
6 7 2 


BlReR 
Wl rR vw 


Clr a 
na vA 
Se 


The Field R, 


Answer 1.10. 


2 = = 3 = ie 
e(log2) log3log2 é 2log3log2 é log3 log 5 e log2log 5 


Ay,B= e7 log2log 7 eZ log2log5 e7 og3log 7 7 log2log 4 


7 log2log { e Zlog2log7 e7 log3log Z e(log6)’—3log2log7 
Definition 1.32. Let 


a21 422 


A= ( ai, 412 ) € Mana 


We define the multiplicative determinant of A as follows 
det,A = 411 «422 —5 421 412. 
We have 


det,A = 441 °% 422-4421 «412 
— plogayy logage log.aj logayy 
e — ,e 


elfaii logaz2 


elogan, logaiz 


e)08411 log azz —logayy logay, 


Example 1.28. Let 


> 
I 
as 
a) 
Wd 
Sa 


We will find det,A. We have 


det,A = clog 2 log 3—log Llog2 
i — 


elog2log3 


Exercise 1.16. Find det,A, where 


> 

lI 
BNI 
MW, rR WwW 


9 
Answer 1.11. ¢7 !°82!°85, 


Definition 1.33. Let 
A= ( ae ) € M2x2 


a21 422 


i082 log7+log3 log5 
e log2log7+(log5)* 


clog 7 log 30 
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and 


det,A = el0saii logaz2 —log a2 log aay 


A Oy. 


Then, we define the multiplicative inverse matrix A~|+ of the matrix A as follows 


1 
1 ee a 
AT’ =(1,/sdetyA)-. [2 
—_ 411 
a21 
We have 
1 
1 be a 
A =(e/,det,A){ 42 
— 411 
a21 
1 
1 a22 
— e logay 1 logag —log ay logag, “, l ai2 
a1 
a2) 
logay9 logay9 

e logay 1 logay 7 —logay9 loga, e log ay 1 logaz9 —logay9 logag, 
a loga) logay 

e  logayy logaz9 —logayy logazy ebeay] Toga 77 —logay7 logaz], 

Hence, 


A-*,A=A+,A7* 


logaj9 logay9 
e logay1 logaj9 —log ay) logay, e logay 1 logaz9 —logay9 logap, ay a2 
aa logay logay og 
e log ay 1 logaz7 —logay9 logag, e log ay 1 logaz7 —logay9 logazy a2) a22 
log ay 1 logaz7 —logay9 logagy, logag9 logay —logag9 logay9 


e 10844 logay “logay5 Toga, e Togay 1 log ayy —Tog ay logay, 


logag  logay 1 —logag logay, loga 1 logayy —logay9 logag, 
e log ay 1 logaz9 —logay9 logay, e logay 1 logaz7 —logay9 logapy 


The Field R, 


Example 1.29. Let 


We will find A~!*. We have 


log4 log3 
1 e log2log4—(log3)? e log 2log4—(log3)2 
ee oe 
A . log3 log2 


e log2 log 4— (log3)2 e log2 log 4—(log 3)? 


2log2 log3 
@ 2(log2)2—(log3)2_— g_~—-22(log2)2 (log)? 


log3 log2 
e@  2Alog2)2—(log3)? @ 2(log2)?—(log3)2 


Exercise 1.17. Find Avls, where 


A= 
9 


WlLeNI| 


Answer 1.12. A~!* does not exist because det,A = 0,. 
Definition 1.34. Let 


a1 a2 a3 
A=|{ ay a2 ax | €-43x3. 
431 432-33 


Define the multiplicative determinant of A as follows 


det,A = Gy +422 °4 433 +4431 4 212 “4 423 
+421 + O32 *% 413 —% 431% 22 *% 13 


~xA1 *% 432 *% 423 ~~ 421° 412 *~ 433- 


We have 


det,A = 08411 log ay, log.a33 my '08431 log a2 log.ags 
+, elosa2i log a32 log a;3 = 08431 log azz loga,3 


log ay, loga3z logan; logag, logay, log a33 
—\e a 3 


logay 1 loga logaz3 +log a3 logayy logay3 +log a loga3z logay3 —loga3 logag9 logay3— 


— e logay 1 loga3zy logaz3 —log a logay7 loga33 


55 


56 Multiplicative Differential Calculus 


Example 1.30. Let 


oe e 
A= Bee all 
glse gk ee 
Then 
det,A = eh 79+2-1115+3-8-4-4-7-15-1-11-8-2:3-9 


093 +330+96—420— 88-54 


— 2159-90-142 
069-142 
= e?, 
Exercise 1.18. Let 
tf go> 2 
A=([4 5 & 
6 fie 
Find det,A. 
Answer 1.13. 


det.A = e274 log6+14 log 2 log 7—7 log 5 log 6+6log2 
aA = : 


Definition 1.35. Let 


a1 a12 ay3 
A=|{ ay a2 ax | €-43x3. 
431 432 33 


Suppose that det,A # 0,. Set 


0ga92 08 433 
by, = e808 432 108473 | 


08.439 logay3 
a) ioga oga 
big = ele8ai2 los 335, 


ogayi2 08 493 
by3 =e '8413 108472 | 


oga3y logag3 
_ Og a og a 
boy =e 8421 108433 | 


The Field R, 


logay 1 loga3z3 
a ioga Og a 
bog =e 8413 108431 | 


log ay logay3 
et: oga Og a 
bo3 =e 8411 108423 | 


og ag 0g a39 
aed, Og a Og a 
b3] SS ENE 22), 


log a3) logay 
— ioga Og a 
Dag, Ss ce ee, 


logy logag) 


b33, =e 8412108491 
The matrix 
by big by3 
A =(1,/,det,A)-. | b21 box 23 
b3, b32 33 


is said to be the multiplicative inverse matrix of the matrix A. 


Exercise 1.19. Let A € 4,33 and det,A 4 0,. Prove that 
AyA =A AH. 


Exercise 1.20. Let 


De ee 
A= 3 11 5 
e e e 
Find A~*. 
Answer 1.14. 
4log2log 11+6log5+7log3 
Avi = e 4Tog IT-+log 2log 5+ 12log3 
4log 11 7 3log5 
e logs el2 e JlogIl 
2log5 2log2 Tlog3 
e 4log3 e7. e log2log5 
log3 6 log2log 11 


e 2log II e log2 e 3log3 
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Definition 1.36. A matrix A € 4,n xn is said to be a multiplicative orthogonal matrix 


if 
A+ A’ =I,. 
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1.12 Advanced Practical Problems 
Problem 1.1. Find 
1. A= (3-44) —4 (1 445)/22. 
2.A=(2-,4) 474.34. 1)/,8. 
3. A=(1442)/43 +4 (4442)/47. 
Answer 1.15. 


logS 
1. 2082 log3— Tog? 


log3 
2 e& log2log7+ 310g? 


log2 , 3log2 
3, elog3 " log7 . 


Problem 1.2. Solve the equations 


1. 3-,x=1. 
2. 44,x=7. 
3. 74+4x= 18. 


Answer 1.16. 


1. x=3. 
7 
20x=-. 
4 
18 
3.x=—=. 
ae 
Problem 1.3. Solve the equations 
1. 2yx=7. 
2.4.x =8. 
3. 3/,x=5. 
Answer 1.17. 
log? 
1. x =ebe2, 
2. x=e}. 
log3 
3. x=els5, 


Problem 1.4. Solve the equations 
1. 34,(4.x) =5. 
2. (2-4x)47=1. 
3. (4-,x)-,2=1. 


The Field R, 


Answer 1.18. 


log 3 


1. x = e722, 
20%=2. 
3.x=4. 
Problem 1.5. Compute 
1. A=|3—-.4|e 04. 
2. A=|2 +41 ae |2/a3le- 
3.A= |2 Aly a |3 J 1|,. 
Answer 1.19. 
1. elog 3 log4 
2.3. 
3. e2(log2)* log 3 
Problem 1.6. Compute 
1. A= ((7+42)-43)*. 
2. A= ((6—,3) /,4)* 4,2. 
3, A= ((5+4+41)-47)* 42-44). 


Answer 1.20. 
x e(log 14log3)” 
2. 24, 


3 e(log5log7)? -16(log2)8 


Problem 1.7. Find 


= ¥_ sine} ¥ 
A=e’-,tan,e? —,sin,e? +,2+,cos,e?. 


Answer 1.21. elf los? 
Problem 1.8. Find 


1. tan,(arccos,.x). 
2. tan,(3arccos,x), x € Ry. 


4/ 1—(logx)2 “4 


Answer 1.22. le tex x E[e 


logx 


2. eve, x € (ee). 
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Problem 1.9. Let 


4 2 3 2 3 4 
re 3 1 e ahd 2 ee 
a 1 1 
25 = 3 1 - 
2 4 
Find 
1.A4+,B. 
2.A—-,B. 
3. A,B. 
Answer 1.23. 
8 6 12 
1 6¢ & 
1 
65 = 
8 
2 
oe 
3 4 
3 1 
2: =~ - 1 
2 e 
2 
> 5 2 
3 
e3(log2)? +(log3)? l082(1+2log3) e4(log2)? +log2—2log 2 log3 
2" 2log3(1+log?2) e(log3)? e2 log2(log3—1) 
e(log2)? Hog 2 log 7 el0g2log 3+log5 e4(log 2)? Hogs 


Problem 1.10. Find det,A, where 


1 
ae: 
ore (ie 
9 il 
Answer 1.24, e~7!087!08297, 
Problem 1.11. Let 
4.¢ 4 
A= 1 3 8 
7 3 


Find det,A. 


Answer 1.25 e2 log 2 log3—42 log 2—7 log 3 log 7—18 (log 2) 


The Field R, 


Problem 1.12. Find A~!*, where 


| “| 


4 


| 


aN eR 


1 
a! " Jog3+2log2log5 


Answer 1.26. A~ + = 


1 
5e log3+2log2log5 


1 
— e log3+2log2log5 


1 
3e log3+2log2log5 
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Multiplicative Differentiation 


In this chapter, we introduce the multiplicative derivative of a real-valued function. 
We deduct some of its properties such as multiplicative differentiation of multiplica- 
tive sum of two real-valued functions, multiplicative differentiation of multiplicative 
product and multiplicative quotient of two real-valued functions. In this chapter, we 
define multiplicative differentials. They are given some criteria for monotonicity of 
a real-valued function and local extremum of a real-valued function. In this chap- 
ter, we also deduce the multiplicative Rolle theorem, Lagrange theorem and Cauchy 
theorem as well as the multiplicative Taylor formula. 


2.1 Definition 
Let A CR, and f € @'(A). 


Definition 2.1. We define the first multiplicative derivative of f at x € A, which will 
be denoted by f(x), as follows 


f(x) = jim (f(a+ah) —+ F(x) / ah. 


We have 


xhf (x) f! (xh) 
= lime FeHrO 


h->1 


DOI: 10.1201/9781003299080-2 63 


64 Multiplicative Differential Calculus 


Example 2.1. Let 
f@)=1l4+x+2", xeR,. 


We have 
f(x) =14+2x, xER,, 
and 


x(1+2x) 
pa)sett, xeR,, 


Example 2.2. Let 


Then 


1 +x? + 2x — 2x? 
(1+x?)? 


La = 
(1+.x?)? 


5 ey a eee 
= “(+4x2)2 ’ x € (0,1). 


Hence, 
x(x? —2x-1) 


1-—x 
fra) = eke 


x(x2—2x-1) 
= el-ve), xe (0,1). 


9 


Example 2.3. Let 
1 
f (x) = arcsinx $24 10, xé€ (5 5) ; 


Then ‘ a 
Mx) = —— 41-2 cee! 
f= ton xe (5.5), 


and 


zg) 
View 11 
f(x) =—~¢e arcsinx+x2-+10 ‘ xE 3) 5 . 


Multiplicative Differentiation 
Exercise 2.1. Let 
1. f(x)=1+2',* ER,. 
1+x 
2. = 
FO) = Thy 
3. f(x) = (cosx)* +10, x E Ry. 
Find f*(x),x €R,. 


xER,. 


At 
Answer 2.1. I. fi(x) =e'h* x eR, 
2. fk(x) =e CT) ,xeER,. 


2xsin(2x) 


3. fk(x) =e (cosx? +10, x E Ry. 
Now, we will find f7(x), x € A. We have 


frlx) =ef"8) x EA, 
Then 


xef (108%) ¢! (log x) 1 
*(x) = e floes) 


of’ (logx) 


Example 2.4. Let 
f(x) =cosx, xER,. 
Then 
f(x) =—sinx, xeER,. 

Hence, 

fi (x) = e snlees), LER. 
Example 2.5. Let 

f(x) =1+xtx, xeER,. 


Then 
f(x) =1+2x, xER,, 
and 
F(x) = ef Wows 
el t2logx 
= ex’, xER,. 


= (f'),(@), xéA. 
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Example 2.6. Let 


1+ 2x 
R,. 
fO)=Fy,> FE 
Then 
2(1+x)—(1+2x) 
/ <2 
Fy) (i+x)2 
1 
= —— R,. 
Gane xE 
Hence, 


filx) = ef (logx) 


pumas Leer 
= e (I+logx)? , xER,. 


Exercise 2.2. Let 


1. f(x) = sin(2x) + cosx, x € Ry. 
2. f(x) =x, xER,. 
3. f(x) =x*,xeER,. 
Find f*(x), x € Ry. 
Answer 2.2. 1. f* (x) = 62 s(2lo8x)—sin(logx) ye Ry. 


2. ft(x) = 208" xe Ry. 
3. f(x) = chloe” VER,. 


Below, we list the first multiplicative derivatives of the basic elementary func- 
tions. 


1. c*=1,c =const 
2. (x*)* =e, x eR, 
3. (a*)*=a",xER, 
4. (e)*=e',xeER, 
5: log* x = eh, xe R,. 
6. sintx =e" xER,. 
7. cos*x=e **™ yER,. 
8. tan * = ens) ,xeER,. 
9. cot*x=e ~ wats) ,xER,. 
10. arcsin* x = AVieneaas ,xER,. 
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_ x 
11. arccos*x =e Vi-x?arccosx x € R,. 
pt 
12. arctan* x =e (I+ )arctans y E Ry, 
x 


13. arccot*x =e (I+)arccor y € R,. 


The space of all functions f : A — R that are continuous on A and have continuous 
first multiplicative derivatives on A is denoted by @! (A). 


2.2 Properties 


In this section, we will deduct some of the properties of the first multiplicative deriva- 
tive. Let f,g € (A) and a,b € Ry. 


l. (ay f)*(x) =a f* (x), x EA. 


Proof We have 
(a-xf)(x) = a+f() 
elogalog f(x) xEA, 
and 
fi (xjelogalog f(x) 
16s g 2 eee 
(axf"() = en fnpe@aTon FG) 
y x. 
prloea a 
£0) 
= 5a e fF) 


= ayf*(x), xEA. 


This completes the proof. 


2. (af)*(x) = f*(x),x€A. 


Proof We have 


(af) = ears 
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This completes the proof. 


Cf +49)" (x) = f(x) +y9* (x), x EA. 


Proof We have 


(ft+s)(x) = f(r) ++8() 


and 


(£8)! @) 


(f +4 2)*(x) = e fea) 


xf Wgl)+8" WFQ) 
e fC 


x) g(x) 


= ft(e)tig*(e), xEA. 


This completes the proof. 


(f —+8)* (x) = f* (x) —18*(x), x EA, 


Proof We have 
(f-«g)(x) = f(x)—«g(x) 
_ f(x) i 
— BG) ee 
and 
Reo 
(f-eg)*(x) = ¢ (8) 


f@e@)-f@e'®) , 
=” Gare 8° 


Multiplicative Differentiation 


This completes the proof. 


xEA. 


5. (f-%8)"(&) = F"(%) + 8(2) +0 f(2) +8"), x EA. 


Proof We have 


(f+ 8)(*) 


and 


I 


(f-+8)*(x) 


This completes the proof. 


e 


e 


= f(x) -«8() 


= elosf(xlogs(t)| ye A 


E 


f'(x) log 2(x)-Llog my Acs) elog f(x) log g(x 
BGcou )Hoe fo) EE} ) ef) loss) 


clog f(x) log g(x) 


1 x I(x 
x5 logg(x) +s) log f (x) 


f'@) 


is x. 
Pa Fs) log g(x) ra Pa) log f (x) 


6. (f/48)" (2) = (F* (x) + 8(2) + f(x) +8" (2) /4(B(2))" 8 EA. 


Proof We have 


(F/+8)(*) 


= f(x)/.8(x) 
log f(x) 
= elogg(x) xE A, 
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and 


log f(x) \' 
e logg(x) 


~~ Tos FQ) 


(f/48)* (x) = @e eloss(x) 


log f(x) 
log f(x) S16, x: 
(243) e logg(x) 
log f(x) 
=e e logg(x) 


_ (may 


£0) top o(x) 8.0) toe fx 
ric) log g(x) lx) log f(x) 
= e (log g(x))2 


£@) (x) 
o(48 log g(x)— AG loef()) [c(t 


= (f(x) + 8(e) f(a) 8" (a) /4(BQ0))*, EA. 


This completes the proof. 


7. (fog)*(x) = (F*(g(x))) +8"), x EA. 
Proof We have 
(fog)() =f(e(x)), xEA, 
and 


f'(g(x))8! (x) 
Fea) 


(fog)*(x) = e 


This completes the proof. 


Example 2.7. We will find (sin(x* + 1))*, x € R,. We have 


2x2 
(sin(x? +1))* = et t1)cot(?+1) ert , xER,. 
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Example 2.8. We have 


(log(f(x)))* =eF@ , f*(x), EA. 


2.3 Higher Order Multiplicative Derivatives 
Suppose that A CR, and f: AR, f € @*(A), and k EN. 
Definition 2.2. We define 


Pa) =(PEM)", EA. 


The space of all functions that have continuous multiplicative derivatives fe), le 
{0,...,k}, on A, will be denoted by @* (A). 


We have 


f(x) = ar P(x) 


/ 1 7 2 rea “(w) 
(fe) +xf"W))FQ)—2 1" 0))? 5 FO) 
(f@))? 


x 


= e e FR) 


x(/(o) Fla) +") F(4) -( 1" @)°) 
=e (er 


fe) Mitta) 
a (FG)? 


Example 2.9. Let 
f(x)=1+x+2, xeR,. 
Then 
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f"(x) = 24+6x, xeER,. 
Hence, 


F F(R) xf" F(x) — xf GY = (e+ 3x7) (1 +27 +27) +.2(2 + 6x)(1 +27 +2°) 
—x(2x+3x7)? 
= 2x + 2x? + 2x4 + 3x7 4. 3x4 + 3x? 
42x 4+ 2x7 + 2x4 4+ 6x7 + 6x4 + 64° 
SA? 13 0 


= Ax + 9x? +4 


=x(44+9x+27), xER, 


and 
2 (449x423) 
f** (x) =e (14324232 ; xE R,. 
Example 2.10. Let 
: 11 
=> 5 E ae . 
f(x) =sinx, x (5 5) 
We have 
fe) Ss Osx; 
11 
UA wos, ee ee ae 
hE (x) — sinx, xE (5.5). 
and 


f(x) f(x) taf" (f(x) —x(f'(x))? = sinxcosx—x(sinx)? — x(cosx)? 


: (; 5) 
= sinxcosx—x, XElrz,-], 


and 
* (sinxcosx—x) 11 
"7 Peer Pr 
f"(x)=e Gm 5 xe (5 5) : 
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Example 2.11. Let 


1+x 
f(x) = aoe xe R,. 
Then 
1+2x—2(1+ x) 
1 2B PS EN EL, 
ft) (1+ 2x)? 
1 
(14 2x)?’ 
4(1+2x) 
i 
Pe) = aya 
4 
~ (yap 768 
and 
i HW ul el(y)\2 (1 +x) 4x(1 +x) 
FOO) +3F"@F)—xPO! = -ESss+ Gage 
x 
(1+ 2x74 
(1 +x)(1 + 2x) + 4x(1 +x) —x 
7 (1 + 2x)* 
_ Saxe te aad aX 
7 (1+2x)* 
—142x? 
= —_—_ R 
Gea 
and 
x(-142x7) 
(1+2x)4 (1+x)2 
pr) =e EP 
x(—142x?) 
= el YER. 


Exercise 2.3. Let f(x) =x’, x € R,. Find 


Pes FO. eRe 
Answer 2.3. lL f*a)= e?, xER,. 
2. f*(x)=1,xER,. 
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2.4 Multiplicative Differentials 
Suppose that A CR,, f:A SR, fe SCA: KEN, k>2. 
Definition 2.3. We define 


d,.x = ed (logx) 
= ext x EA, 
and 
d,f(x) = ellos) 
f(a) 
= gia @. xEA, 
and 


f* (x) =, f (x)/.d.x, xEA. 


By the above definition, it follows 
f(x) =, dy f (x) /dax 


f'(x) 1 
Ss Sy FG) ae es® 


£0) ay 
loge FQ) o 


1 
— e logex™ 


f'(x) 
Fx) 


Moreover, 
df (x) = f(x) dx, x EA. 
Definition 2.4. We define 
dkf(x)=d. (dk 'f(x)), EA. 


In fact, we have 


dz f(x) = dy (def(x)) 
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= da, (f(x) -~4,X) 


= PP Ggda< £24; 


and so on, 
dk f(x) = ft (x) 4d, x EA. 


Example 2.12. Let 
f(x) =x4+1, xER,. 


Then 
fF) = 1, 
f(x) = extl F 
(oh 
x x 
fr) = 6 aT 
= emi? xER,. 
Hence, 
d, f(x) = ext 4 A,X, 
d> f(x) = ett? idx xeER, 
Now, suppose that 
x = x(0), 
a y(t), t<[a,B] CR, 
and x : [@, B] > A is a bijection. Then 
Axy/4dex = (dgy/sdat) | (dsx/adst) 


= y(/x (0), + [eB]. 


Example 2.13. Let 


75 
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yt) = +r, PE [L,2]. 


We have 


and 


and 


31241 212 +t 


dyy | dx" = ers [eet 


GP +H) (P+41) 
= e PRP) > te [1,2]. 


Example 2.14. Let 


x(t) = 3+4+f+sint, 
y(t) = 4+cost+7t, t € [2,10]. 
We have 
rs Peau) 
X(t) = ew 
(1+cost) 
= ef Stain, te [2, 10], 
and 
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7=sint 


= ef Feost+T , teE (2, 10). 


Then 
7—sint (1+cosr) 
dyy / dx = el Foosi+7i ie 3-+i+sint 


(7—sint) (3+t+sint) 
= e (4tcost+71)(1+cosr) , te (2, 10] ! 


Example 2.15. Let 


1 
x(t) = 140’ 


y(t) = =—, teR,. 


We have 


and 


and 


dyy/.dyX = e@ Tt /,e7 TH 


Hence, 


1+t 
By | dx = (dy/ dx) (e¥*) 
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= ((ds/adet) (#*)) [4 (dax/adit) 


1+t\! 
e2+t 
t 


Exercise 2.4. Let 


1 
t) = —— 
x) = sa, 
(t) = : teR 
a = Bags : 
Find 
d*y dx. 
Answer 2.4, Saf 
eGY, reR,. 


2.5 Monotone Functions 


In this section, we will give some criteria for increasing and decreasing functions. 
LetA CR, fe @)(A). 


Theorem 2.1. Let f(x) > 0, f*(x) > 0,, x € A. Then f is an increasing function on 
A. 


Proof We have 
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< f(x) 
£9) 
= &fa, 
Thus, ; 
Oe 
F(x) 
Since f(x) > 0, x € A, we conclude that 
f(x) 20, 


Hence, we obtain that f is an increasing function on A. This completes the proof. 


xEA. 
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Theorem 2.2. Let f(x) <0, f*(x) >0,, x € A. Then f is a decreasing function on 


A. 
Proof We have 


Thus, 


Since f(x) <0, x € A, we conclude that 


f' (x) <0, 


Hence, we obtain that f is a decreasing function on A. This completes the proof. 


xE€A. 


Theorem 2.3. Let f(x) >0, f*(x) <0,, x € A. Then f is a decreasing function on 


A. 
Proof We have 


IV 
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Thus, 


Since f(x) > 0, x € A, we conclude that 
f(x) <0, x€A. 
Hence, we obtain that f is a decreasing function on A. This completes the proof. 


Theorem 2.4. Let f(x) <0, f*(x) < 0,4, x € A. Then f is an increasing function on 


A. 
Proof We have 
1 = OQ, 
2 7) 
Lf!) 
= ¢€f), xeA 
Thus, 


Since f(x) <0, x € A, we conclude that 
f'(x)>0, x€A. 
Hence, we obtain that f is an increasing function on A. This completes the proof. 


Example 2.16. Let 
f(x) =14x, xER,. 


Then 


> O,, «xeER,. 


Thus, f is an increasing function on R,. 
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Example 2.17. Let 


Then 


Hence, 


Thus, 


f(x) = 


fe) = 


f%) 2 


f) s 


1+x 
1422’ 


xER,. 


1+x*—2x(1+2x) 
(1 +.x2)2 

| ee ae 

(1+x2)2 ’ 


x(1—2x—x2) 
e@ (142)(1422) , xe R,. 


0, xER,, 


0x, x€ (0,-1+ v2], 


0,, x€[-1+V2,c). 


xER,. 
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Thus, f is an increasing function on (0,—1+ v2\, and f is a decreasing function on 


Example 2.18. Let 


Then 


and 
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< 0x, xER,. 


Since f(x) <0, x € R,, and f*(x) <0, x € R,, we conclude that f is an increasing 
function on R,. 


Exercise 2.5. Let 
f(x) =3x*+(cosx)?, xER,. 


Prove that f is an increasing function on R,. 


ee 
2.6 Local Extremum 
Let A CR, and f € (A). 


Theorem 2.5. Let x) € A, f*(x0) =0 and f(xo) #0. Then f has a local extremum 
at Xo. 


Proof We have 


Oo = 1 


Hence, 
xp 9) = 
Ff (x0) 


Because xo € A and xo # 0, by the last equation, we obtain f’(xo) = 0. Therefore, f 
has a local extremum at x9. This completes the proof. 


Theorem 2.6. Let xo € A and f*(xo) =0, f(xo) #0. Let also, there isa 5 > 0 so 
that (xo — 6,x0 +6) C A and 


fie 20 BE HO se 0), 


f(x) > O11 x € (xo —46,x0), 
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f(x) < O04, x € (x0,x9 + 4). 
Then f has a local maximum at xo. 


Proof Since {*(xo) = 0, we have that f has a local extremum at x9. Because 


f(x 


(x) 
f(x) =e FO, x € (x9 —6,x9+ 8), 
and xf(x) > 0, x € (x9 — 6,x9 + 5), we have that 
f* (x) >0,, x€(xo—6,xo), iff f'(x)>0, x€ (xo—6,x0), 


and 
fr (x) <0, x€(xo,x0+6), iff f’(x)<0, x € (x0,x0 +8). 
So, we conclude that f has a local maximum at xo. This completes the proof. 


Theorem 2.7. Let xo € A and f*(xo) =0, f(xo) #0. Let also, there isa 5 > 0 so 
that (xo — 6,x0 +6) C A and 


Fe) <0, RE — 0,29 +0), 
f*(x) > OO, x € (x0 —6,x0), 


f(x) < Ox, x € (x0,x0 +8). 
Then f has a local minimum at xo. 


Proof Since f*(xo) = 0, we have that f has a local extremum at x9. Because 


f'@) 


f(x) =8FH, x € (xo—8,x0 + 8), 
and xf (x) < 0, x € (xp — 6x9 + 5), we have that 
f* (x) >0,, x€(xo—6,xo), iff f'(x)<0, x€ (x9—6,x0), 


and 
fr (x) <0, x€(xo,x0+6), iff f’(x)>0, x € (x0,x0 +8). 
So, we conclude that f has a local minimum at xg. This completes the proof. 


Theorem 2.8. Let xo € A and f*(xo) =0, f(xo) #0. Let also, there isa 5 >0 so 
that (xo — 6,x0 +6) C A and 


fix). 2. 0p #E Ge 0,260), 


f(x) < Oj, x € (x9 —4,x0), 


f(x) > O41, *€ (x0,x0 +8). 


Then f has a local minimum at xo. 
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Proof Since f*(xo) = 0, we have that f has a local extremum at x9. Because 


f'@) 


f(x)=e FO, x € (xo —6,x9+ 5), 
and xf (x) > 0, x € (xo — 6,x9 + 5), we have that 
f* (x) <0,, x€(xo—6,xo), iff f'(x)<0, x€ (x9—6,x0), 


and 
f(x) >, x€(xo,x0+5), iff f'(x)>0, x € (xo,x9+8). 


So, we conclude that f has a local minimum at xo. This completes the proof. 


Theorem 2.9. Let xo € A and f*(xo) =0, f(xo) #0. Let also, there isa 5 > 0 so 
that (xo — 6,x0 + 6) C A and 


f(x) < 0, x€ (x9—6,x0 + 6), 
f(x) < 0, x € (x0 —6,x0), 


f(x) > O41, x € (x0,x9 + 4). 
Then f has a local maximum at xo. 
Proof Since f*(xo) = 0, we have that f has a local extremum at x9. Because 


. £@) 
fr (x) =e F0), x€ (xo —6,x0 +59), 


and xf (x) < 0, x € (x9 — 6,x9 + 5), we have that 
fr (x) <0,, x€(xo-6,x0), iff f'(x)>0, x € (xo —6,x0), 


and 
f*(x) >0,, x€(xo,x0+ 46), iff f'(x)<0, x € (x9,x9+ 8). 


So, we conclude that f has a local maximum at xo. This completes the proof. 


Theorem 2.10. Let xo € A and f*(x9) =0, f(x0) 40. Let also, there isa 5 >0 so 
that (xp — 6,x9 + 6) C A and 


Fo > 0,, x € (xo — 6,x9+ 4), 
f(x) > 0, x€ (xo—64,x0), 


f(x) < 0, x€ (x0,x9 +8). 


Then f has a local maximum at xo. 
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Proof Since f*(xo) = 0, we have that f has a local extremum at x9. Because 


‘ £0) 
f (x) =e IO, x€ (xo — 6,x0 + 8), 


and f*(x) >0,,x € (xo — 6,x9 + 6), we have that 
f(x) >0, x€(xo—6,x9), iff f(x) >0, xe (xo—5,x0), 


and 
f(x) <0, x€(xo,x0+6), iff f'(x) <0, x € (xo,x0 +6). 


So, we conclude that f has a local maximum at xo. This completes the proof. 


Theorem 2.11. Let xo € A and f*(x9) =0, f(x0) 40. Let also, there isa 5 >0 so 
that (xo — 6,x0 +6) C A and 


f* (x) a 0,, x € (xo — 6,x0+ 4), 
f(x) < 0, x€ (xo—6,x0), 


f(x) > 0, x€ (%0,%0 +6). 
Then f has a local minimum at xo. 


Proof Since {*(xo) = 0, we have that f has a local extremum at x9. Because 


f@)=eT, xe (to 8,20 +8), 
and f*(x) > 0,,.x € (xo — 6,x0 + 6), we have that 
f(x) <0, x€(xo—6,x0), iff f'(x)<0, x€ (x —6,20), 


and 
f(x) >0, x€(x0,x%0+8), iff f(x) >0, x€ (x0,x0 + 4). 


So, we conclude that f has a local minimum at xo. This completes the proof. 


Theorem 2.12. Let xo € A and f*(x9) =0, f(x0) 40. Let also, there isa 5 >0 so 
that (xo — 6,x0 +6) C A and 


Fo _ 0,, x € (xo — 6,x9+ 4), 
f(x) > 0, x€ (xo—64,x0), 


f(x) < 0, x€ (x%,x0 +8). 


Then f has a local minimum at xo. 
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Proof Since f*(xo) = 0, we have that f has a local extremum at x9. Because 


m xf@) 
P=, x€ (xo—5,x0 +8), 


and f*(x) < 0,,.x € (x9 — 6,x9 + 6), we have that 
f(x) >0, x€(xo—6,x0), iff f'(x)<0, x€ (xo—6,x0), 


and 
f(x) <0, x€(xo,x0+ 6), iff f(x) >0, x € (xo,x0 +8). 


So, we conclude that f has a local minimum at xo. This completes the proof. 


Theorem 2.13. Let x9 € A and f*(xo) =0, f(xo) #0. Let also, there is a 6 > 0 so 
that (x9 — 6,x9 +6) CA and 


f(x) < O;, x € (xo —5,x0 +59), 
f(x) < 0, x€ (x —6,x0), 


f(x) > 0, x€ (x0,x0 +64). 
Then f has a local maximum at xo. 
Proof Since f*(xo) = 0, we have that f has a local extremum at x9. Because 


" xf) 
fr(x) =e 8, x€ (xo—6,x0 +58), 


and f*(x) < 0,,.x« € (x9 — 6,x9 + 5), we have that 
f(x) <0, x€(xo—6,x0), iff f(x) >0, x€ (xo—6,x0), 


and 
f(x) >0, x€(xo,x0+ 6), iff f(x) <0, x€ (xo,x0 +8). 


So, we conclude that f has a local maximum at xo. This completes the proof. 


eT 
2.7 The Multiplicative Rolle Theorem 
Leta,be R,,a<b. 


Theorem 2.14 (The Multiplicative Rolle Theorem). Let f € @!((a,b) N@,({a,b]) 
and f(a) = f(b). Then there exists ac € (a,b) so that f*(c) = 0,. 
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Proof By the classical Rolle theorem, it follows that there is a c € (a,b) so that 
f' (c) =0. Hence, 


fc) = &Fa 


This completes the proof. 


2.8 The Multiplicative Lagrange Theorem 
Leta,be R,,a<b. 


Theorem 2.15 (The Multiplicative Lagrange Theorem). Let f € @)((a,b))N 
€,((a,b]). Then there is ac € (a,b) so that 


(f(b) -» f(a))/«(b -4a) = f*(c). 


Proof For t,t € [a,b], we have 


f(t) 
f(ti)-«flk) = f(b)’ 
ty. <= = 
Then, 

— (f(t) t 
(F() ale) etna) = (4) 7. (2) 

wp 4) 

i) 


log f(t )—log (ta) 
e logty —logty 


In particular, we have 


log f(b)—log f(a) 


(f(b) —, f(a)) /x(b SH a) =e  logb-loga 
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By the classical Cauchy theorem, it follows that there is ac € (a,b) so that 


logf(b)—log f(a) _ FO) 
logb—loga 


Hence, 
log f(b) log f(a) 


(F(6) ef (a)) /s(b—sa) = eee 


fC) 
= fo 


= f'(c). 


This completes the proof. 


————— EEE 
2.9 The Multiplicative Cauchy Theorem 


Leta,be R,,a<b. 


Theorem 2.16 (The Multiplicative Cauchy Theorem). Let f,g € @)((a,b))N 
,(|a,b]). Then there is ac € (a,b) so that 
(f(b) —« f(@))/+(8 (2) -«8(@)) = (F°(c))/+(8" (C)). 


Proof For t,t € [a,b], we have 


f(t) 
f(i)-—«f(2) = Fl)’ 
a ee Cae oe 


Then 


(F(t1) “+ fl) (s(t) -28(0)) = Ga) (Fe) 
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log f(t, ) log f(t) 
= e logg(ty)—logg(ta) | 


In particular, we have 


log f(b) —log f(a) 


(f(b) ~+ fa) /(g(b) ~« g(a) =e MERWE, 


By the classical Cauchy theorem, it follows that there is ac € (a,b) so that 


log f(b)-log f(a) _“Fe) 
log g(b) — log g(a) s'(c) 


Hence, 


log f(b)—log f(a) 


(f(b) + fla)) /s(g(b) a g(a)) = eH bee 


This completes the proof. 


2.10 The Multiplicative Taylor Formula 


Let a,b € Rx, a< b, and f : R, — R, is enough times multiplicative differentiable 
on [a,b]. Take 
aj = f(x) faite, 7 € {0,1,...,n}. 
Define the polynomial 


P(x, X0) = An's (x —4X0)"™ +5 On-1 ** (x — x9)" 


ty +. a “x (%—+%0) +40, XE [a,b]. 
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We have 
ny n—ly 
Xx Xx Xx 
P,(x,x0) = an'x (=) + 4n-1 (=) ty +e AL +e — +4 0 
X0 X0 X0 


“ n—1 
log +) (log <) log & 
— ae x0 +, dn—1°~e x0 tye tyap ye 8 x0 +, a0 


n n-1 
= olan (log =) +logan—1 (log x) +----+log ay log %6 Hogag: 


We apply the classical Taylor formula for the function f(logx) and we get that there 
is ac € (a,b) so that 


filx) = ef (loss) 
(2.1) 


_ A loga; (log 2)! Hog (BO /alnt1)te) (log =) 


x € [a,b]. 


Definition 2.5. The formula (2.1) will be called the multiplicative Taylor formula. 


Da 


2.11 Advanced Practical Problems 
Problem 2.1. Let 


1. f(x) =2+2',x ER, 


1+ 2 
2. f(x) = ne ER,. 


oQ+ 


1 1 
3. f(x) =tanx+x4+20,x€ (53). 
Find f*(x),x € Ry. 


Answer 2.5. 


2x2 
2. fk(x) =e (0+), x ER,. 


x( 4x3 1 
(: Hane) 11 
fr (x) =e tanx+x4+20 se ( i 
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Problem 2.2. Let 
1. f(x) =cos(2x), x € Ry. 
2. f(x) =2—3x—2’,xER,. 
3. f(x) =sin(4x), x € Ry. 
Find f*(x),x € Ry. 
Answer 2.6. 
; fi (x) = e72sin(2logx) xeR,. 
e 3 2logx. xe R,. 


; fi(x) = eA cos(4logx) xeR,. 


wo NN 
7 
——~ 
& 
I 


Problem 2.3. Let f(x) =x°, x € R,. Find 


f(x), f**(x), xER,. 
Answer 2.7. 


Lf (x= e,xeER,. 
2 f*@)=1xeER,. 


Problem 2.4. Let 


Prove that f is an increasing function on R,. 


Problem 2.5. Let 


1 
t => — 
x)= sh 
Find 
dy | dyx*. 


Answer 2.8. 
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Multiplicative Integration 


In this chapter, we introduce the indefinite multiplicative integral and the Cauchy 
multiplicative integral and deduct some of their properties. We deduct the table of the 
basic multiplicative integrals. We consider multiplicative integration by substitutions 
and multiplicative integration by parts. We prove some important inequalities for the 
multiplicative integrals and we prove some mean value theorems for multiplicative 
integrals. 


3.1 Definition for the Multiplicative Improper Integral and Mul- 
tiplicative Cauchy Integral 


Suppose that a,b € R, and f: R, > Ry, f € @(R,). 
Definition 3.1. The integral, 


will be called multiplicative indefinite integral. Define the multiplicative Cauchy in- 
tegral as follows 


[50 : Ax - ule slog f(s)ds_ 
*a 


For x € R,, we have 
d, fy f(s) a as) [dx = a, (el vees()as) | dyX 
xa 


ela 7 leeds)! 


ae WAG 
= e ola x logf(s)ds 
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Moreover, 
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b 


f*(s) AS = eas log f*(s)ds 


sf"(s) 


= fe re t loge 0) ds 


_ plfdiossis 


— log f(b)—log f(a) 


f(b) 
— 2)8 Fa) 


Example 3.1. Let f(x) =e", x € R,. Then 


ik 


q 


NIa 


z a 
f2 az log e*S'"*dx 
e4 


flx)-ndex = 


= @ 


Example 3.2. Let f(x) =e" ,x € Ry. Then 


j 


3 


2 


faux = of 1 log f(x)dx 
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Exercise 3.1. Let f(x) =e" *, x € R,. Find 
2, 
/ f(x) Ax. 
xl 


10 
Answer 3.1. e3. 
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3.2 Table of the Basic Multiplicative Integrals 


In this section, we will deduct the basic multiplicative integrals. 


1. Let f(x) =x*,k #—1. Then 
f(x) = ellogx)s xeER,, 
and 


/ Fle)edx = ef foe seax 


=, ed 1 ogx)kdx 


= e/ (logx)dlog.x 


k+1 


1 
= certs” YER, 


where c is a positive constant. 
2. LetaéR,. Then 


1 
fa ax = ed x logadx 
* 


celogtlogx 


= cx84 YER, 


where c is a positive constant. 
3. Leta>0. We have 


1 jlogx 
[@erndex Zp gl ees 
* 
ef a°®*dlogx 


qglogx 


= celsa, xeER,, a>O. 
4. We have 


: le 
[osiner-s dx = ed x Sin(logx)dx 
* 
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5. We have 


[cosas dx = 
* 


6. We have 


[(afelcos.a)) «dex 


7. We have 


[(efalsinex)®) «dex 


8. We have 


[atee) A,X 


* 


ce 


—cos(logx) 


el sin(log.x)dlogx 


’ xeER,, c>0. 


ef i cos(logx)dx 


af: cos(logx)dlogx 


ce 


sin(log.x) 


’ xeER,, c>0. 


1 
i ecole? «, dx 
* 


1 1 
i—l {4 
o) * Gonllorne 


logx 


1g 
o! oallognyz 21°8* 


1 
i esateu ile 
* 


1) 2 Sie es 
o) * Galore 


1d 
oe! Gaogsye 418" 


in (log x 


ge eotllogs) ee R,, 


ll 
— 
SS 
a)- 

i 
= 
& 
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2 ogi ard logx 
= ¢elsllogsl 
= clogx, c)>0, cER, xER,. 
9. We have 
[ Qafa(e +432*)) AX = [ Qu/(e2)) A,X 


1 
= od! u loge 1+(logx)> dx 
1 
e Trios 7 e* 
= arctan (logx) R 
= ce 5 xE ae c> 0. 


10. We have 


[Qube s) ede =f 


= ce arccos(logx) 


= ce™sin(losx) YER, c>0. 
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11. Leta>0. Then 


/ (1./ ic +% a’) e) 4 A,X 


12. Leta>O0. Then 


/ (ui Ge —, a**) s) +, A,X 


99 


[ (chee 2. ay) wg dyx 
[le (c (logx)?-+(loga)? ‘ ) sede 
if (</. (< ((logx)? ee") ee 


a oa 
9x)2 > q)2 
/ eViloex?+(oea? gy 
* 


1 
at 1 loge (log x)? +(loga)2 At 


1 


a7 6g% 
e (logx)?+(loga)? 


2 2 
oeloe (lost (logx)* +(log a) ) 


c (ioas+ (logx)? + (og) ) ; 


xER,, c>0. 


J («/. (c(toer?-(Woea)? _ “4 AX 
[ (ele (log.x)? = (oe) 4 Ax 


ee 
ol te (logx)?—(loga)* yy. 
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1 


$$$ dlogx 
(logx)2 —(loga)? . 


= @ 


lo, lio x+4/(logx)?—(loga ?| 
Sy, ee ee V (logx)*—(loga) 


= c(logx+ /(logx)? —(loga)? } , 
( 


xER,, cc) >0, ceER. 


13. Leta > 0. Then 


fads GR nel) ath a [. (tre) J nts 


ee 2 
= / (c/selt9-(oee”) dyn 
* 
1 
= / e (lozx)?—(loza? «dx 
* 


1 
dw spdig loge (logx)?—(loga)” gy 


ax ip) Cogs? —tagay? “8 


1 
2loga 


logx—loga 
logx+loga 


= ce 


itl 
2loga 


logx—loga 
logx+loga 


, xER,, c>0. 


14. We have 
[sinha da = fem 4 A,X 


ed Z sinh(log x)dx 
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= ed sinh(log x)d log x 


= cecosh(logx) | xER,, c>O0. 
15. We have 
[coshex AX = jo A,X 


as ral i cosh(logx)dx 
= ef cosh(logx)dlogx 


= garnniloen), xER,, c>0. 
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3.3 Properties of the Multiplicative Integrals 
Suppose that a,b,c € Ry, f,g: R. > Ra, fg © G(R,). 
1. We have 


[ie f(x) 4404 8 (X)) dx =a + ff) + A,X tubs f ge) + A,X. 


Proof Note that 


a+ f (x) +4b 4 2(x) elogalog f(x) 4 glogblogg(x) 


eloealog f(x) +logbloga(x) | xER,. 


Hence, 
if (a os f (x) +b g(x)) AX = [ enstistorenatone: 4 A,X 


ol A log closalog f(x) +logblogg(x) gy 


= oS tlogalog f(x)dx+f } logblog g(x)dx 


elogas Z log fxdx+logb f f log g(x)dx 
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elogaloge! L loaxdy logbloge! e log g(x)dx 


I 


(a om ed ; lege) (v - el i loge(e)ar 


(«.. f.s00 +d.) (0 + fe) di) 


= avs f fle) edxtab-s f g(x) “4 AyX. 


This completes the proof. 


2. We have 
fe (4) -4 4 8(X)) x =a +f fe) "* dx—b-, [ g(2) 4 AX. 


Proof Note that 


aaf(x)—sbug(x) = elogalog s(x) | glogblogg(x) 
= elogalog f(x)—logblogg()_ xeER,. 
Hence, 
i (a+. f(x) —4b-48(X)) ex = [ ensaest@ tation Ax 
x * 
af L log elogalog f(x)—loghloga(») dy 
= fH logalog f(x)dx—f + log blog g(x)dx 


= eloga | + log f(x)dx—logh [ Z log g(x)dx 


elogalog el d log f(x)ax 
1 . 
elogbloge! x loga(x)dx 


(a el! : len f@)ae 
yar) 


C ef xlogs(x 


(a Je F(X) + dx) 
+ d,X) 


(Ds Sn 8%) «dex 


Multiplicative Integration 


This completes the proof. 


3. We have 


Proof We have 


i. f(x) “AX ela Log f(x)dx 


This completes the proof. 


[50 “AX = 


i f(x) “* d,x = ae log f(x)dx 


4. We have 


| 
| 
+ 
Phe 
YS 
ee 
~~ 
= 
ta 


Proof We have 


— oo Sb ylog f(x) 


This completes the proof. 


5. We have 


| “Fe edyx = i: fOdars 7 ener 


Proof We have 


[50 AX = ola log f(x)dx 


= —,elp ylogf(x)dx 


= -. fF) spat 
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= i € Liog f(x Jdx+f? 1 log f(x)dx 


(el slog fa)ar) (e" 1 ls dr) 


7 (fs (x) »d) ( [ “F(a +d.) 
= slorderts [10 ax 


This completes the proof. 


Example 3.4. We have 


i (3-4 SiN, x —4 24 COS, X) 4 AX 
* 
= 3, / sing X-y~ AX 42 [cose +, AX 
* * 


= c(-,3-,cos,x—,2+,sin,x), xER,, c>0. 


Example 3.5. We have 
J (2/-(c0s..2)* 13) 4dax = [2/+(c0s.2)* sedan [3g dar 
* * * 
= 2- fi Ly. /4 (COS, x)™*) +4 dx — 5, 21°83 


= ¢ (2 i: etan(logx) —, x83) , xER,, c>0. 


Example 3.6. We have 
[4l(.- bend = 4. +f Aa/sl (Le ext) Ee eg dy 


= ceatesin(logy) xER,, c>0. 


Exercise 3.2. Find 
/ (cos, x +4 (La /aXx)) dex. 


Answer 3.2. 
c(singx+, |logx]), xER., c>0. 
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3.4 Multiplicative Integration by Substitution 


Suppose that f,g:R, > R,, fe @(R,), g€ G (R,). Let also, a,b,c,d € Ry, g(a) = 
cand g(b) =d. Then 


b b 
[ feO).80 dt = f fle) dct) 


= [0 + d,S. 


Example 3.7. We will compute 


242 


2. 
4 -| sin, (t? +1) -,e?41 +, dyt. 
xl 


Let 
g(t)=+1, 4ER,. 
Then 
Lh 
gi(t)=2t, teR,, 
and 
x fra) 
Bo ee 
22 
= eft, teER,, 
gd) = 2, 
g(2) = 5 
Hence, 


5 
a [sins odes 
x2 


s=5 
a cos(logs) 


s=2 


en cos(log 5) Sg cos(log 2) 


eoos(log 2)—cos(log 5) 
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Example 3.8. We will compute 


a 


ed 
[= i (cos,t)** 4 singt 4 dyt. 
x1 


Let 
g(t)=cos,t, teER, 
Then 
g(t) = —,sin,t, 
g(1) = eos(log 1) 
= 06080 
= e, 
2 (2) - 2£05(loze? ) 
= eS F 
= mu 
= |. 
Thus, 
r4 
e2 
I= -.f (cos, t)* -, dy COS,t 
xl 


1 
— -. f xt + AX 
xe 
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Example 3.9. We will compute 


4 


e2 
I= / (1,/+(cos, (sin, t))”*) “4 COS, Ly Ast. 
x1 


Let 
g(t) =singt, teER,. 
Then 
g*(t) =cos,t, teER,, 
and 
(1) = eSin(log 1) 
esind 
= 1, 
g (e3) = Zsin(loge? ) 
= sing 
= 26: 
Thus, 
au 
e2 
iS ie (1,/+(cos, (sing t))?*) + dy sing t 
ps 


= D (14/.(cos,t)**) yt 


t=e 
= etan(logt) 


t=1 


elan(loge) =f elan(log 1) 
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Exercise 3.3. Compute 
2 
i es, 7) he. 
* 


Answer 3.3. e'3 (log2)° 


(M 


3.5 Multiplicative Integration by Parts 
Theorem 3.1. Let f,g:R, > R, f,g € @) (R,). Let also, a,b € R,, a <b. Then 


x=b 


[Fe -8l) dex = F0)-<8(0) 


x=a 
b 
<1 f Fle) a8" (0) odes. 
xa 
Proof We have 


(F-%8)"(@) = f°) 80) taf) 48"), x € (a, 8]. 


Hence, 
F* (x) + 8(%) = (fF +8)" (%) —« fF) +8"(x), x € [2,5], 


and 


“ee 
ye 
= 
3 

: 
oq 
aay 

rt 
& 

: 
= 

= 
| 


is = [(Fs8)@)—1fle) +2") xdex 


a 


fv eB) (X) 4 eX [50 4 B*(X) 4 Ax 


a 


x=b 
= (Fae) — f s0)v2"@) ade 


This completes the proof. 


Example 3.10. We will compute 
é 
l= / x “4 COS, X-y AX. 
xl 
We have 


e 
I= [ix since dex 
xl 
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Example 3.11. Now, 


We have 


Then 


4 
-.f Gey +, Sin, x, dx 
«1 


2 ae esin(loge) wea et esin(log 1) 


& 
-,e° +f SIN, X + AX 
x1 


+,e3 *~ COS, X 


x=1 


ere Pia eo (cos,@ —, cos, 1) 


eosin +, @ a (ecosttoge ca erer(leel)} 


eosin ae eo a (es! —,e') 


eosin 4 p73, ,cosl-1 


eosin es e3(cos 1-1) 


eplsinI+cos 11) 


we will compute 


€ 
ey Fi Lae Cae io 
«1 
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= 2.e-, e Ss el082(e-1) 
ef 082 ay e2log2(e-1) 


ef log2 
e2(e-1)log2 


e(2-@) log2_ 


Example 3.12. Now, we will compute 


3 


ic 
ie 
ri] C+ COSY XY A,X. 
* 


(a 


We have 


3 


ec 
—— / cos, x +, de 
* 


3 2 : 
e cos3 ag ef cos2 +, sin, X+, e 


c 
x 
-.f COS, X +, Oy AX 
* 


e? cos3—e? cos2 uo exsin(logx) 


x=e2 


3 2 cler ae 
e” cos 3—e* cos2 e? sin3 e* sin2 
e +e xe —41 


3 


2 325 2: 
e” cos 3—e* cos2 e° sin3—e* sin2 
a = 


= e «e 


e3 (cos3+sin3)—e(cos2+sin 2) 
e —.1 


2 


whereupon 
3 +13) —¢2 : 
e fee (cos 3+sin 3)—e*(cos2+sin 2) 
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and 


3 Pe) : 
jf = € (cos3+sin3)—e*(cos2+sin2) be 


= B2 (e3 (cos 3+sin3)—e?(cos2+sin 2)) 


Exercise 3.4. Find 
ie 
if e+, sin, x+y AX. 
ez 


e 


Answer 3.4. 


2 7 (e? (cos2—sin2) —e4 (cos4—sin4) ) 


3.6 Inequalities for Multiplicative Integrals 


In this section, we will deduct some important inequalities for multiplicative inte- 
grals. Leta,b€ R,,a <b. 


Theorem 3.2. Let f € @,([a,b]) and f > 0, on [a,b]. Then 


[50 A,X > Oy. 


Proof We have 


f(x) = 0, 
= 1, xé€[a,D 
Hence, 
log f(x) >0, x€ [a,d}, 
and 


b 
/ FO) ydyx = elf Hoerteax 


This completes the proof. 
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Theorem 3.3. Let f,g € G(|a,b]) and 0 < f(x) < g(x), x € [a,b]. Then 


[ist)vdex> [0 -.dee 


Proof We have that 


= g(x)-s f(x), x€ [a,b]. 


Hence, applying Theorem 3.2, we find 


b 
0. Sf) f) oder 


a 
b b 
= ff alx)ndex—e f fla) oder, 
xa xa 
whereupon 


[re)-sders ['et)-dex 


This completes the proof. 


Theorem 3.4. Let f © @,(R,), f: Ry > R,. Then 


[50 A,X 


b 
< | If (x) law dax <M -,(b-,a), 


where M = sup |f (x)|+. 


x€ [a,b] 


Proof Note that 
—lF Ole Sf) <IF@)e, x € [2,4], 
and hence, 
b b b 
—.f fGdleedxs f fe)edxs f fleedex 


Therefore, 


[ 10) dX} S i F(x) x Bex 


*x 
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b 
m., | dx 
xa 


= M.-,(b-,a). 


IA 


This completes the proof. 


Theorem 3.5. Let f,g € @,([a,b]), f,g: Rs > R. 


m= inf |g(x)|,, M= sup |g(x)|x. (3.1) 
x¢[a,b] x€ {a,b} 


Then 
b b b 
m | f(x) dx < 7 f (%) 4 8(X) 4 ex < m., [ f(x) dex. 
xa xa xa 
Proof We have 


ms f(x) S f(x) +8) SMaf(x), xe [a,d], 


and hence, 


b 
/ m+ f(x)udx = my (x) dx 
xa xa 
b 
< F(X) BCX) 4 Ex 
xa 
b 
< M +s f (x) dx 
xa 
b 


lI 
* 
yw 
SRE 
S 
~ 
* 
= 
bad 


This completes the proof. 


Theorem 3.6 (The Multiplicative Cauchy-Schwartz Inequality). Let f,g € @(R.x), 
f,g:R,.— R,. Then 


Os FO) +8) +d) ee ( i “re dt) ; ( i “(0)” +d) 


Proof Applying the classical Cauchy-Schwartz inequality, we get 


‘ 25 b 2 
(/ f (x) ok g(x) are a.) = e (log Sea f(x) +8 (2) +dax) 
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2 
5 (log 2, clog f(x) logg(x) “ed,x) 


(tose 1 jogeloa te pee, 
= e 


— ol Ir Plog s(x) log g(x)dx)” 
_ (U2(ggtoert0)) (4p toseta)) ax)” 
< ell (log f(x))*dx) (Ji :(logg(x))dx) 


— pla tlogflx))Pdx oI? 4 (logg(x))Pax 
"Ze x 


Note that 
log(f(x))** = logellees)” 
= (logf(x))’, x€ [a,b]. 
As above, 
log(g(x))”* = (logg(x))”, x € [a,b]. 
Therefore, 


ela x(logf(x))dx ola ; (logs(x))-dx 


IA 


(Fe “g(t Jada) 


= ela zlog(f(x)) dx, fa x log(a(x))™*dx 


= (fre edex) (fete) der). 


This completes the proof. 


3.7 Mean Value Theorems for Multiplicative Integrals 
Suppose that a,b € Ry, a <b. 
Theorem 3.7. Let f,g € @,({a,b]), f,g: Ry > Ry g(x) > 0,, x € [a,b]. Let also, 


m= inf f(x), M= sup f(x). (3.2) 
x€ [a,b] 


x€(a,b] 
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Then there is a & € [m,M] so that 


[50 “4 (xX) dx = LL » [89 ae 
[ee g(x) dx =0,, 


Proof If 


then g(x) = 04, x € [a,b], and 
b 
J F086) dex =0., 
xa 
and the assertion is proved. Let 


b 
i g(x) dx > Oy. 
xa 


Then, applying Theorem 3.5, it follows that 


maf aldadex < [F0).90) der 


b 
< Mf a(x) 
Hence, 
b b 
ms ff flx)a(e)-adar/ef aCe) 
< M. 
Set 
b b 
w= fF) 2860) -edex ef gle) der, 
whereupon 


[Fe s9l)edex sn. [esa 


This completes the proof. 


Corollary 3.1. Suppose that all conditions of Theorem 3.7 hold. Then there is a 
LL € [m, M] so that 


i. f(x) dx = UW (b-, a). 


Proof We apply Theorem 3.7 for g(x) = 1, and get the desired result. This com- 
pletes the proof. 
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Theorem 3.8. Let f,g € G.|a,b], f,g : [a,b] > Rs g(x) > 04, x € [a,b]. Then there 
is ac € [a,b] so that 


b b 
ri f (x) -49(X) dx = fc) -« [ “4 A,X. 
Proof Let 


m= inf f(x), M= sup f(x). 
xe [a,b] x€ [a,b] 


Then there are x1,x2 € [a,b] so that 
m= f(x1), M= f(x). 
By Theorem 3.7, it follows that there is a 1 € [m,M] so that 
b b 
[ fed--e6) deans f e@)-edix. 
xa xa 
Next, there is ac € [x1,x2] so that 


= f(c). 


Hence, we get the desired result. This completes the proof. 


3.8 Advanced Practical Problems 
Problem 3.1. Let f(x) =e* °°", x € R,. Find 


i fxd. 


Answer 3.5. 


Problem 3.2. Find 
/ (1. /.x +4 sinh, x) + dx. 


Answer 3.6. 
c(|logx|+,cosh,x), xER,, c>0. 


2 
/ et, dyt. 
x1 


Problem 3.3. Compute 


Answer 3.7. e(log2)? 


Multiplicative Integration 
Problem 3.4. Compute 
(A 
i, e* +, COSY X 4 AX. 
x 


Answer 3.8. 
u (e” (cos7+sin 7) —e3 (cos 3+sin3)) 


Problem 3.5. Compute 


Answer 3.9. ew. 
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4 


Improper Multiplicative Integrals 


In this chapter, we introduce the improper multiplicative integrals on finite and in- 
finite intervals. We give and prove some criteria for convergence and divergence of 
improper multiplicative integrals. 


4.1 Definition for Improper Multiplicative Integrals over Finite 
Intervals 


Suppose that a,b € R,,a <b. 


Definition 4.1. Let f : [a,b) — R,, f be multiplicative integrable over [a, 1] for any 
7 € (a,b) and f be eventually unbounded in a neighborhood of b. If the limit 


a] 
li ke d,. 
irae ee 


exists, then the improper multiplicative integral 


b 
F(x) «dex 


is said to be convergent. Otherwise, it is called divergent improper multiplicative 
integral. 


Definition 4.2. Let f : (a,b] + R,, f be multiplicative integrable over [§ ,b] for any 
& € (a,b] and f be eventually unbounded in a neighborhood of a. If the limit 


lim [. F(x) dx 


€—a+0 


exists, then the improper multiplicative integral 


[fede 


is said to be convergent. Otherwise, it is called divergent improper multiplicative 
integral. 
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Definition 4.3. Let f : R, — R, be multiplicative integrable over [a, €] and [7 ,b] for 


any € € |a,c) and any 7 € (c,b], and f be eventually unbounded in a neighborhood 
of the point c, then we define 


[50 A,X = [ fo) Sas: [50 ee 


Example 4.1. Let f : (2,3] > R, is defined by 


f(x) =e%3, xe (2,3). 


Then 
3 ees) 
lim / flx)-sdx = lim elf slosew as 
E240 J xé E240 
: fz dx 
= lim ef v2 
E-2+0 
x=3 
2V/x—2 
= lim e x=G 
6240 
= e’. 


Thus, the considered improper multiplicative integral is convergent. 


Example 4.2. Let 


2 


f(x) =eve-, x € [2,4). 


We have that f is unbounded in a neighborhood of x = 4. Moreover, 


2 

x 
fiat] Loge VIE 
tim [ fla)-adix = lim eft to8eViE a 
n-4 J2 n—4 
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Therefore, the considered improper integral is convergent. 


Example 4.3. Let 


x 
f(x)=eO9%, xe [2,4]. 
Note that f is unbounded in a neighborhood of x = 3. We have 


x 


4 41 geo (33 
xed = ef ; loge dx 
[fod 


3 dx 4 dx 
= lime. (-3)3 (x-3)3 
n-3 
x= x=4 
3(x-3)3] +3 (a-3)3 
= lime x=2 x=1 
n-3 
3.3 
= e272 
= e. 


Thus, the considered improper multiplicative integral is convergent. 


Exercise 4.1. Prove that 


x 


ees 
/ e-2)F dx 
2 


is convergent. 


4.2 Definition for Improper Multiplicative Integrals over Infinite 
Intervals 


Suppose that a € R,. 


Definition 4.4. Let f : [a,0°) > R,, f be multiplicative integrable over [a, 1] for any 
7 € [a,b). If the limit 
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exists, then the improper multiplicative integral 


[ fe) dex 


is said to be convergent. Otherwise, it is called divergent improper multiplicative 


integral. 


Example 4.4. Let 


Then 


x € [2,0). 


lim i. f(x) dx 


Ne 


lim ale } log f(x)dx 


12 
. 7 logx 
lim ef2 4 

TN] -e0 


lim wet log xd logx 


Ne 
7 
5 (logx)? 
lim e x=2 
Nee 
co, 


Thus, the considered improper multiplicative integral is divergent. 


Example 4.5. Let 


We have 


1 
fin, [Pose 


1 
lim ela! § loge (oe) dx 
Nate 
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= elog2. 
Therefore, the considered improper multiplicative integral is convergent. 
Example 4.6. Let 
f(x) =e", xe [e,). 
Then 
/ f(x).a&x = lim / f(x) dx 
xe xe 


Ne 


2, “tinh ele! i log f (x)dx 
Neo 


=. im phe 1 (logx)3dx 
Nv 


— oo, 


Thus, the considered improper multiplicative integral is divergent. 


co | 
‘h ed -,d,x 
x3 


Exercise 4.2. Prove that 


is convergent. 


4.3 Properties of the Improper Multiplicative Integrals 
Let a,b € R,, a < b. With the symbol 


b 
/ F(x) 4 bax (4.1) 
xa 
we will denote an improper multiplicative integral if 


1. f is multiplicative integrable on [a,n] for any 7 € [a,b) and it is eventu- 
ally unbounded in a neighborhood of b, or 


2. f is multiplicative integrable on [a,7n] for any n € [a,°°). 
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Theorem 4.1. Let the multiplicative integral (4.1) has a unique singularity at x = b. 
Then it is convergent if and only if for any € > 0 there is a bo € (a,b) so that for any 
bi, bo € (bo,b), bi < bo < b, we have 


<€E. 


* 


by 
Sf (x) 4 dex 
by 


* 


Proof The multiplicative integral (4.1) is convergent if the limit 
ul 
lim F(n)= lim f(x) 4 dx 


n—-b-0 n—-b-0 J xa 


exists. This limit exists if and only if there is a bo € (a,b) so that for any bj ,b2 € 
(bo,b), bi < bo, we have 
|F (bz) -, F(bi)|4 < €. 


This completes the proof. 


Theorem 4.2. Let a <c < band the multiplicative integral (4.1) has a unique sin- 
gularity at x = b. Then (4.1) is convergent if and only if the multiplicative integral 


b 
f F(R) dex (4.2) 


is convergent. 


Proof By Theorem 4.1, it follows that the multiplicative integral (4.2) is conver- 
gent if and only if for any € > 0 there is a b3 € (c,b) so that for any b;,b2 € (b3,b), 
by < bo, we have 


by 
f(x) dx 
xb, 


<E. 


* 


Now, we take bo = b3 and we get the desired result. This completes the proof. 
Theorem 4.3. Suppose that f ,g: Ry, — Ry, c,d € Ry, and the multiplicative integrals 
b 
[ (ero Fle) ted a 860)) oder, 
xa 
and 


[ose sdex, [90 sdex 


have unique singularities at x = b. Then 


b b b 
i (c+. f (x) +4d48(t))-edax=ers f f(x) dated f g(a) 4 A,X. 


a 


Proof We have 


[le F0)+ed-eelo)) odex= tim | (ers flo) toda) oder 
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ne a f(x) casts [d-8(0) od) 


= iim cy f(x) 4d eres lim Ge d+ B(x) +4 Ax 
n-b-0/ xa 


T 
a) 


n 
= cy, lim hee )- 5A, xXx+,d- a dt 8) 4 A,X 
n-b- 0 *a —0 


b b 
= c. | f(x) edctadey | B(x) 4 dax. 
xa xa 


This completes the proof. 


Definition 4.5. The multiplicative integral (4.1) is said to be absolutely convergent 
if the multiplicative integral 


b 
i F (2) [ace Lax (4.3) 
xa 
is convergent. 


Theorem 4.4. Suppose that the multiplicative integral (4.1) has a unique singular- 
ity at x = b. If the multiplicative integral (4.1) is absolutely convergent, then it is 
convergent. 


Proof Since the multiplicative integral (4.3) is convergent, we have 


n 
lim i PG eadex <0, 
a 


n—-b-0 J x 


a S(X) dx 


Hence, 


lim 
n—b-0 


< lim [ f(x) lee Ux 


n—-b-0 


*x 


This completes the proof. 


Example 4.7. Consider 


b 
i / Lg /a(b ax) 4 dee. 
*a 


We have 


b 
— f dalald a2) nda 
*a 


[else ellos y* + A,X 
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1 
heroes 
— ola loge loeb—losx)™ ax 


= ola x(logb— Toa dx 


= oie (log b— eax dlogx 


co if a>l 


(log b—loga)!— 4 
e a if a<l. 


Exercise 4.3. Prove that ‘ 
ie 1, /(4—yx)! hx 


is divergent. 


4.4 Criteria for Comparison of Improper Multiplicative 
Integrals 


Theorem 4.5. Let the improper multiplicative integrals 


b 
i f(x) «dex (4.4) 


and ; 
/ 8(X) 4 dx (4.5) 


have a unique singularity at x = b. If 


0, < f(x) < g(x), x € [a,b], 


then by the convergence of the improper multiplicative integral (4.5) it follows the 
convergence of the improper multiplicative integral (4.4), and by the divergence of 
the improper multiplicative integral (4.4) it follows the divergence of the improper 
multiplicative integral (4.5). 


Proof Note that for any 7 € [a,b] we have 


0, < f(x) <g(x), x€ [an]. 
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Hence, 


n n 
0, < lim f(x) dx < lim g(x) 4 dx. (4.6) 


n—-b-0 J xa n—-b-0 J xa 


Let the improper multiplicative integral (4.5) be convergent. Then 


ul 
lim 8(X) 4 dx <0, 
n—->b-0 Jxa 


Now, applying (4.6), we get 


1 
0. << lim F(X) 4 dx < 00. 
n-b-0OJ/ xa 


Let the improper multiplicative integral (4.4) be divergent. Then 


n 
li +, A,X = 09, 
Pe ee 


Hence and (4.6), we conclude that 


ul 
lim 8(X) dx = 00, 
n—-b-0 Jxa 


i.e., the improper multiplicative integral (4.5) is divergent. This completes the proof. 


Theorem 4.6. Let the improper multiplicative integrals (4.4) and (4.5) have a unique 
singularity at x = b and 


0. < f(x), O01 < g(x), x€ [a,b]. 
Let also, there exists the limit 


lim f(x) /xg(X) =A. 


x—b-—0 


Then the improper multiplicative integrals (4.4) and (4.5) are simultaneously con- 
vergent or divergent. 


Proof Take € > 0, arbitrarily. Then there exists a c € (a,b) so that 
0, < (A +8) +8(X) < f(x) < (A+s€) 8), x€ [c,b). 


Then, by the previous theorem, it follows that the improper multiplicative integrals 


2 b 
(A x £) «f g(x) +,d,x and / g(x) + AX 
aS *C 


are simultaneously convergent or divergent. Hence, the improper multiplicative inte- 
grals 


[50 + 4,x and [ew 4 A,X 


are simultaneously convergent or divergent. From here, we conclude that the im- 
proper multiplicative integrals (4.4) and (4.5) are simultaneously divergent or con- 
vergent. This completes the proof. 
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Example 4.8. Let the multiplicative integral (4.4) has a unique singularity at x = b. 
Let also, 
lim || f(x) |«-« ( —,x)* =A>0, (4.7) 


x—>b— 


for 0, < a < 1,. Since 
b 
| 1y/e(b— gx) 4 dx (4.8) 
xa 


is convergent. Hence and Theorem 4.6, it follows that the multiplicative integral 


b 
| _[fl)eredat (4.9) 


is convergent. Thus, the multiplicative integral (4.4) is absolutely convergent. 


Example 4.9. Let the multiplicative integral (4.4) has a unique singularity at x = b. 
Let also, (4.7) holds for ~@ > 1, and A > 0, and f(x) > 0,. Since (4.8) is divergent, 
applying Theorem 4.6, it follows that the multiplicative integral is divergent. Because 
f(x) > 0,, it follows that the multiplicative integral (4.4) is divergent. 


Example 4.10. Let b = © and 
lim |f(x)|4-4x% =A >0 (4.10) 
X—}oo 


for a > 1,. Since 
Ff 1y/ x + A,X 
*a 


is convergent, by Theorem 4.6, it follows that the multiplicative integral (4.9) is con- 
vergent and hence, (4.4) is absolutely convergent. 


Exercise 4.4. Let b = o and (4.10) holds for @ < 1 and A > 0 and f(x) > 0, for 
x € [a,co), Prove that the multiplicative integral (4.4) is divergent. 


4.5 Conditional Convergence of Improper Multiplicative 
Integrals 
Suppose that a,b € R,, a < b, and the multiplicative integral (4.4) has a unique sin- 
gularity at x = b. 
Theorem 4.7. Let 
1. f € €(R,). 
2. g€ G}(R,). 
3. F € €}((a,b)) be such that F*(x) = f(x), x € a,b). 


Improper Multiplicative Integrals 129 


b 
[Fe B(x) 4 ax =A 


lim F(x) -+g(x) =B. 


x—b-—0 


4. there exists 


5. there exists 


Then the improper multiplicative integral 


[0 +80) vax 


is convergent and 


[50 “4 8() “udyx = F(X) 


= b 
-+f F (x) 48" (x) dex, 


where = 
F(x)+g(x)} = lim F(x) -« g(x) —+ F(a) +8(a) 
= x—b—-0 
Proof Let ‘ 
[ f(x) «§ dyX 
Then 
1 
®(n) = | F*(x) 42 d,Xx 
zs 1 
= FC) my f FG) 28") aden 
and then 
b . 
[ fe)-s@).dx = lim O(n) 
*a n—b-0 
. cad 
= lim FO) -8(0)] 


This completes the proof. 
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Theorem 4.8. Suppose that 1-3 of Theorem 4.7 hold. Let also, 


1. there exists a constant M > 0, so that 


IF(x)|, <M, x€|a,b). 


2. there exists 


lim g(x) =0. (4.11) 


x—b-0 


3. the multiplicative integral 


b 
[ le" @leradex 
xa 


is convergent. 


Then the improper multiplicative integral 


| “Fes : 


is convergent. 


B(x) dx 


Proof We will prove that the conditions 4 and 5 of Theorem 4.7 hold. We have 


IA 


[[Fe)-a8' ax 


* 


IA 


Thus, the multiplicative integral 


b 
[FG -ale" head 


b 
Mf Ig (a)leredar 
xa 


[ Fo) se") sda 


is convergent, i.e., the condition 4 of Theorem 4.7 holds. Next, 


lim |F(x)-«g()le = 


x—b-—0 


IA 


i.e., the condition 5 of Theorem 4.7 holds 
This completes the proof. 


lim |F (x)|s«1g()l- 


x—b—0 
M-, ili 
+ jim) |o(x) |x 


0,, 


. Now, the result follows by Theorem 4.7. 
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4.6 The Abel-Dirichlet Criterion 
Theorem 4.9. Let 
I. f €©,((a,b)). 
2. g€ @}([a,b)). 
3. F € €}((a,b)) be such that F*(x) = f(x), x € [a,b). 
4. F be bounded on [a,b). 
DB) 


. the function g be a decreasing function on |a,b), g > 0, on [a,b), 
lim g(x) =0,. 
x—>b—0 


Then the multiplicative integral 


is convergent. 


Proof Since g is a decreasing function on |a,b), we have that g*(x) < 0, for 
x € [a,b). Hence, 


b b 
ih |g*(x)|+ 4 AX -.f g*(x) + AX 
*a xa 


g(a) =e BY) 


= g(a). 


Therefore, all conditions of Theorem 4.8 hold. This completes the proof. 


4.7 Advanced Practical Problems 


Problem 4.1. Prove that 


x 


Dots 9. ily 
/ eb-5)? dx 
x2 


is convergent. 


Problem 4.2. Prove that Biase 
‘| eH dix 
4 


is convergent. 
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Problem 4.3. Prove that the multiplicative integral 


10 
| 1,/.(10 —,x)*., d,x 
x2 


is divergent. 


Problem 4.4. Prove that the multiplicative integral 


/ Ly / ex 4 A,X 
xe 


is convergent. 


Problem 4.5. Prove that the multiplicative integral 


10 
ff Mafo(e—22)! 4 G2 10) 


is convergent. 


5 
The Vector Space R‘ 


In this chapter, we introduce the space R’ and define in it the basic multiplicative 
operations: multiplicative addition and multiplicative multiplication, and we prove 
that R? is a linear vector space. We define the multiplicative inner product of mul- 
tiplicative vectors, multiplicative length of a multiplicative vector and multiplicative 
distance between two multiplicative vectors and deduct some of their properties. 


ee 
5.1 Basic Definitions 
Definition 5.1. We define 


Re 45 (Aishagcnsy ky) CR ap SO, FE{ljanjn}h 
The elements of R% will be called multiplicative vectors. 
Example 5.1. x = (3,4,7, 12) is a multiplicative vector which is an element of Ri. 


Definition 5.2. In R{, we define the operation multiplicative addition and multiplica- 
tive multiplication of an element of R, with a multiplicative vector as follows 


X+4yV= (x1 + V1, X2 +e Y25+++ Xn +4Yn) 


and 


Wig X = (AXA 4 2,-2.4 4 Xn), 
respectively, where 
B= (KH 50045%n)s y= (1,92,---5¥n)s 
anda € R,. 


Example 5.2. Let 


x = (2,3,4,5), 
y = (1,3,2,1). 
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Then 


X+,y 


Example 5.3. Let 


Then 


X+4y 


Example 5.4. Let 


Then 


Exercise 5.1. Let 


Find x+, y. 
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(2,3,4,5) +, (1,3,2,1) 
(2+41,3+43,4+42,5+,1) 


(2,9; 8,5). 


1 1 
en eee a ee 
(4.21.2), 


= (4,1,2,5). 


1 1 
-—,2,1,= 4,1,2 
(4.2013) +6125) 


1 1 
(GteA2tet1 4.25 +05) 


(1,2,2,1). 
x — (3,1,2), 
y = (2,1,4). 


= (3,1,2) +, (2,1,4) 
= (3442,14+,1,2+,4) 


= (6,1,8). 


The Vector Space RY 135 


Answer 5.1. 
(6,1,2,1,50). 


Example 5.5. Let 


Then 


= i 2,3: 435) 


(cloesices, gieslog?. glerleet dees?) 


eo (log3)* evelees fieelinea eek) : 


Example 5.6. Let 


Then 


e (2-22, pres) 


a elog2log 4 cee) 


e (log2)* “ee 2(log 2)? gee? ; 


Example 5.7. Let 


1 
= =,2,1,5,6). 
x (5.2.1:5.6) 
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Aux = 44 (5.2.1.5.6) 


I 


(4.5 Ai SA: 11445446) 


elog4log 3 a gretice? eleetiael, glvesiees, lee floes 


Pelee tions e2(log2)? 4 2log2log5 _,2log2(log2+log3) 
e ,l,e ,e : 


Exercise 5.2. Let 


Find A +x. 


Answer 5.2. P 
(e7Woe2t0e3, 20082) jaezne® 


Below, we will deduct some of the properties of the defined operations. Suppose 
that x = (x1,%2,- oe Xn)» y= (v1,Y2, tee Yn)s = (21,225. oe sZt) € RY’, A, € R,. 


lL. xtyy=yty%. 


Proof We have 


X4+4y = (%1,%2,---,Xn) te (1,925---59n) 


= (Xr +4 V1 2 +42, - Xn $4 In) 


= (v1 +4.%1,¥2 +4X2,---,¥n +4 Xn) 


= (1,925 ++65¥n) +x (X1,%2,<225%n) 


= yy. 
This completes the proof. 


2. x+y (yt.Z) = (xt+ey) +z. 
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Proof We have 


Xn (YteZ) = (X1,%25 ++ 5X) He (V1, Y25 0 Yn) Ax (215225 +++ yn) 


= (%1,%2,..., Xn) Ha (V1 Fe 21,92 He 225-6 Yn He Zn) 


= (Xr +e (1 Hu 21) ¥2 He (2 $a 22) 5-6 Xn He (Yn +e Zn) 


= (C1 He V1) He 15 (42 +a V2) Ae 225 0605 (Kn +4 Yn) + Zn) 


= (Hp +412 FAY Hn Han) He (21,225 +++ 520) 


= (xtyy)+ez. 


This completes the proof. 
3. x+,0, =x, where 0, = (0,0,...,0). 
Proof We have 


X4+,0, =  (X1,%2,.--,4n) +x (04,0,,---, OK) 


= (x1 +,.0,.,x2 +04, ..-5Xn +, 04) 


= (XyAay titan) 


=e 
This completes the proof. 
4. x+,(—.x) = 04, where — x = (—4%1, —.¥2,---;—4Xn)- 
Proof We have 
X44 (H4x) = (41, %2,---,%n) He (441, 4X2, - ++) Xn) 


This completes the proof. 
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BS. Lice =X. 
Proof We have 


lex = Lye (%1,%2,..+,%n) 


= (La 01, Le e250) Lae Xn) 
= (x1,%2,.--,Xn) 
= XxX. 


This completes the proof. 
6. Ay (Myx) = (Ay) aX. 
Proof We have 


As (U-+X) 


Ay (Ll * (rigxoy's :Xn)) 


Ar es (LL %X1,U 4X2,.--,p “4Xn) 


= A-s (Ll 4X1), Avs (MU HD) y.00yA ey (Mt “4Xn)) 
= (CAM) X15 (AM) 256+ (A eM) in) 


= (A+ U) 4 (%1,%2,---,Xn) 


= (A-~U) yx. 
This completes the proof. 
7. (A+gM) eX =A XAG Me ah 
Proof We have 


(Ata) x = (A+gM) + 1,%2,---,%n) 
= ((A ha bh) 01, (A a Hh) 4 0250005 (A Ha HL) Xn) 


= (A 4X1 +, “eX, A "4X2 +y Wy X2,+-- A Xn +, LH “4 Xn) 
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= (Ax, A 4 X2,...,A Xn) 


+,(L 4X1, U4 X2,---,U Xn) 


= ee (H1, 825005 5%n) 


yb (41,%2,---5Xn) 


= AywX+, Hyd. 
This completes the proof. 
8. Ang (Xe) HA aX tA ay. 
Proof We have 


A * (x+y) =A * (21,2, eee Xn) +* (1,¥2)- és ,Yn)) 


=A, (x1 +4 1,2 +4 Y2,-++5Xn +4Yn) 


= (A * (x1 +4y1),A ** (x2 +,y2), see A **Xn +4 Yn) 


= (A **X] +,A “EVLA "XQ +,Aa 42,2 A ** Xn +,A4 Yn) 


= (Ax, A 4 X0,...,4 Xn) 


+,(A “VIA Eat Ae “4 Yn) 


SMa (%1%25- 0 ¥n) ta A ne (Vis Y25++-sIn) 


I 


Ay x+yA yy. 
This completes the proof. 


Therefore, R” is a linear vector space. 
* 


Example 5.8. Let 


(3, 1,4), 


I 


(2,3,1). 


I 
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We will find 
Z= (3 4X4 y) He 2 4H. 


We have 
34x = 3-,(3,1,4) 


= 133, 34,1,554) 
(clleee): leesiee?, closes | 
(eles? dijo PE) 


and 


2 
a (e(te82Y" 1, e2lee3I082) 


aaa 
(e(toe9? ~ 2,1, 3,¢2!s3le82 _ 1) 


i 2log3log2 
he ’ 


and 


24x = 2+, (3,1,4) 


(243,24 1,2-.4) 


I 


(cPetized gieedinel, lee7108% 


log2log3 2(log 2)? 
(er a Ajente)). 
Hence, 


Z = (Geo, er 
2 3 
se (certs, 1,e2oe2)") 


_ (Setn" el082083, © 1, elon? +,c2e?) 
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= 1 tog3(log2-+10g3) a 7 log 2(log2-+log3) 
2 "3° i 
Exercise 5.3. Let 
x = (2,3), 
y = (4,2), 
z = (2,1) 


Find 
(Qty) ae 


Answer 5.3. 
(20827? 2eloe?iee3 , 


5.2 Multiplicative Linear Dependence and Independence 


Definition 5.3. We say that the system of multiplicative vectors ¢),¢2,...,e, € Ri is 
multiplicative linearly dependent if there are A;,Az,...,A, € R, so that 


(Ai, Ao,..-,Ar) F (Ox, 04,---,0) 


and 
M ee] +A, *@2 tye ty Ap "yr = 0,. 


Otherwise, it is said to be multiplicative linearly independent. 


Let 
éy = (e11;@015 0.04 en1); 
€2 = (€12,€22,..-,€n2); 
er — (1p, €2r5+++y€nr): 
We have 


aM OL Ha Aa 2 tart tide ney 
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= Ay-s (€11,€21,---5€nt) +4 An x (€12,€22,---5€n2) 


Ap + (e1r,€2r, ee ,€nr) 
= (Ai 11, Ay “21000, Ad “+€n1) 


+4 (Ao +. €12,A2 4 €22,-..,A2-« en2) 


tu(Ar Ory Mp x Crys 05 Ap “x €nr) 
= (Ann €11 te Ane 12 tae ta Are etry 


M1 4 021 Hy An 5 022 Fa ta Ae 4 C2 


Ma x Ont + Ane na te ta Are €nr) 
= Ge loge}; +log Az loge}2+---+log A, log e1, 
>) 


eles A, log er +log Az logeo2 +---+log A, log e9, 
? 


els A, log en, +log Ay logen2+---+log A, log .) 


Then 
Ay x1 te Any eaters ty Ap ep = 04 


if and only if 


0 = logA; loge, +logA, loge). +---+logd, loge, 


0 = logdA, loge, +log A, loge. +---+log A, log e2, 
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0 = logAlogen +log A, loge +---+logA, log ép,. 


Example 5.9. Let 


a= (2,4) 
en = (4,8). 
Then 
0 = logdA,log2+loga,log4 
0 = logdA,log4+logdAzlog8 
or 
0 = (logA; +2logAz)log2 
0 = (2logA; +3logAz)log2, 
or 
0 = logaA, +2loga, 
0 = 2logA;+3logAd. 
Thus, 
logd, = O 
logan = 0 
or 
a = 1 
An = 1. 


Therefore, the multiplicative vectors e; and e2 are multiplicative linearly independent 
and linearly dependent. 
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Example 5.10. Let 


ey = (e?,e*) 
a = (e*,e8) : 
Take 
ay _ e" Ao =— ,é. 
Then 
log Ay loge” + log A, loge* = 4-4 
= 0, 
log Ay log e* +loga, loge® = 8-8 
= 0. 
Also, 


(A, ,A2) 


@) 
F (0,,0,). 


Therefore, e; and e2 are multiplicative linearly dependent and linearly independent. 


Example 5.11. Let 


e. = (2,3) 
Qa = (1,4). 
Then 
logA; log2+logAzlogl1 = 0 
logdA; log3 + logA,log4 = 0, 
whereupon 
logd, = 0 


l| 
o 


log Ag 


The Vector Space RY 145 
or 


A = O 


An = Oy. 


Thus, the considered multiplicative vectors are multiplicative linearly independent 
and linearly independent. 


Exercise 5.4. Prove that 


ey = (e,e7,°) 
Qa = (c7,e4,€°) 
are (c*,c8,!2) 


are multiplicative linearly dependent and linearly independent. 


Exercise 5.5. Prove that 


Cle = (2,4,6) 
eg = (4,8,12) 
e3 = (8,16,24) 


are multiplicative linearly independent and linearly dependent. 


5.3 Multiplicative Inner Product 


Let 
X= (X1,%2,---,%n), y= (91,y2,---5¥n) € RY. 


Definition 5.4. We define the multiplicative inner product of x and y as follows 
(XV = XLV a Xa V2 te te tine Vn 


e841 log yj +log x2 log y2+---+log xn log yn 
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Example 5.12. Let 


Then 

(x + )* 
Example 5.13. Let 
Then 

(x ’ y Ne 

Example 5.14. Let 
Then 

(x + Fe 


Exercise 5.6. Let 


Find (x,y).. 
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(2,1,3), 


I 


(e,2,1). 


l| 


elog2 loge+log 1log2+log3 log 1 


elos2 


> (3,2,e,4), 


— (e,3,4,e). 


elog3 loge+log2log 3+log elog4+log 4 loge 


elog3-+og2log 3+4log2 


= (3,4,e), 


= (2,2,3). 


elos3 log 2+log 4 log 2+log elog3 


elos3 log2+2(log2)*+log3 
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Answer 5.4. e!?. 


Theorem 5.1. Let 


X = (X1,%2,---;Xn), 


Then 


Proof We have 


Y= (V1, Y25-++5Yn)s 


= (21,22, wae Zn) € Ri. 


(x,y +4 Z)% = (X,Y) * + % (X, Za 
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logx, log yn clos log z; +log x2 log z2+-- +log xp log Zn 


log x, log yn +log x1 logz; +log x2 logz+---4 


YtuZ = (V1,¥25--+,Yn) Ae (21,22, +++ 52m) 
= (v1 a 215 ¥2 Fe 225-++ Yn +e Zn) 
=  (¥121,9222)---,Yn2Zn), 

— log x, logy; +logx2 log y2+---+log x, lo 

(x,y) x =e 8x1 logy) 8X2 log y2 Xn Bn 

(x,z). = close log z, +log x2 log z2+log xn log zn ; 

Hence, 
(x,y) 4+, (x,Z) x = close logy; +log x2 log yz 

= close log y; +log x2 log y2 

— loge (logy; +log zy )+log.x9 (log y2-+log zz) ++ +Hlog xn (log yn +log Zn) 

= elogx1 log(y1z1)+log x2 log(y2z2)+log xn (log yn log zn) 

= (XV +42) x. 


This completes the proof. 


Theorem 5.2. Let 


X= (x1,X2,. 


Then 


s35¥n)s 


y = (91, 92,-+-,Yn) € RY, 


cE R,. 


C+ (X,V) ue = (C4 HY) = Oe) 


Proof We have 


tlog Xp log Zn 


(5.1) 
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= (Cy X1, C4 XD, +++ C 4 Xn) 
= (clvectoen eierloers ae gece) 


and as above, 
Cys (erect loge log ya | aa gree) ; 


Next, 
(x,y) « = else log y; +logx2 log y2+---+log xn log yn 
and 
Cy (x,y) = cy elf logy; +log x2 log yo ++: +log xn log yn 
2 el08 ce!8*1 logy, tlogx logy) +---+logxn logyn 
loge (logxy logy; +log.x2 log yz ---+log x, log yn) 
and 
logclogx} log clogxy el hk logclogxn 
(cu x,y)y = elloze )logyi+ (loge )logy2t+~-+ (loge )logyn 
= elogclogxy logy; +logclog x7 log y2+---+log clog xy logy, 
= glogc(logx, logy; Hogxz logy +~-+ogan logyn) | 
and 
logclogy, logclogy) 4... logclogy, 
(x,0 yx =. clog loge +log xy loge ++-+log xn loge i 


e841 logclog yj +log x2 logc log y7+-:-+log x, logclog yn 


elogc(logxy logy; +log x2 log y2+---+log x, logyn) 


(5.2) 


(5.3) 


(5.4) 


By equations (5.2), (5.3) and (5.4), we get equation (5.1). This completes the proof. 


Corollary 5.1. Suppose that all conditions of Theorem 5.2 hold. Then 


(X,Y) 4 = VX): 
Proof We have 


(yx)_ = el9srtlogn Hogs osx. 
9 


* 


xlog yn log xn 


slog xn log yn 


. 


elf logy; +log x2 log yo 


— (x 1y be id 
This completes the proof. 
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Theorem 5.3. [f (x,y), =0, for any x € R%, then y =0,. 
Proof We have 


for any x1,X2,... 


whereupon 


OH = 1 


(X,Y) 


log logy +logx2 logy: +---+log xn log yn 


— 2 


Xn € Ry. For xj = x2 =... =X, =e, we get 


29 = logy togy2+--+logyn 


= elB(V1Y2--In) | 


yiy2---n = 1. 


For x1 =, x; 


e! x, =0,, jl € {2,...,n}, j AL. we find 


or 


Therefore, 


Hence, 


and 


elosyi—logy; = mu 


YL 
e8 9 e 
ot. Fede con 
Jj 
By the last equation and equation (5.5), we arrive at the system 
Zh = 1, FeAl ants 
Jj 
yiy2---Wn = OL. 
Sat Neate | cae 
Yo = (V1sY2s-+-5Yn) 
= (1,1,...,1) 
= Q. 


This completes the proof. 
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(5.5) 
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Definition 5.5. Two multiplicative vectors x,y € R? are said to be multiplicative 
orthogonal if 


(X,Y) x = 0,. 
We will write x L, y. 
Example 5.15. Let 
x = (e,e*,e), 
Then 
(x y) -_ elogeloge” | Hoge” loge +logeloge™! 
— goal 
— oo 
=) 1 
= ,. 
Thus, x L, y. On the other hand, 
(uy) = 1+e41 
= 2+e 
#- 0 
Therefore, x J y. 
Exercise 5.7. Let 
x _ (e,e°,e4,e°), 
y = (e y] e, e b] e ) is 


Check if x L, y. 
Answer 5.5. No. 
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5.4 Multiplicative Length and Multiplicative Distance 


Definition 5.6. For x © RY, x = (x1,x2,...,%n), we define the multiplicative length 
as follows 


1 
lx], = p((logxt)?+(log.xy)? +--+ (logarn)?)2 | 


Example 5.16. Let 
x =(e,e’,e7,e4,e7'). 


Then 


1 
Ix\ = e((log e)?-+(loge?)?+ (log e?)?+ (log e*)?+ (loge !)?) 2 


1 
p(l+4+9+16+1)2 


aul. 
Example 5.17. Let 
x= (e~*,e,e). 
Then 
xls = e( (loge?) +(loge)” +(loge)”) 2 
_ (44141)? 
= evo. 
Example 5.18. Let 
x= (2,4,8). 
Then 
Ix], = p((log2)?+(log)?-+(log8)?) 2 


= p((log2)?+4(log2)?+9(log2)2) 2 


= ev 14log2 


Exercise 5.8. Let 
x=(e,e,e1,e7}). 


Find |x|. 
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Answer 5.6. ©”. 


Definition 5.7. For x,y € R%, we define the multiplicative distance between x and y 
as follows 


eV le 


For x = (%1,%2,---;Xn), ¥ = (V1,)2;---;Yn), We define 
|x—+ | a= Creo rere 9) ~k (¥1,925+++5¥n) |x 
= (X14 152 “4 Y25++ + Xn en) le 


_ (= x2 *) 
yi yo’ Yn 
1 


= e( (logx logy;)*+(logxy logy2)? +---+(logxn logyn)?) 2 ; 


* 


Example 5.19. Let 


(Gee); 


y = (2,e,e). 
Then 


and hence, 


1 
Ix yle = e( (log 1)?+ (loge)? + (loge?)*) 2 


The Vector Space RY 


Example 5.20. Let 


Then 


Hence, 


Example 5.21. Let 


Then 


and 


Ix —1 yl 


x1] 


y 


= (2,4,8), 


= (4,8,16). 


(2,4, 8) ak (4, 8, 16) 


(2-,4,4—, 8,8 —, 16) 


24 8 
4°8' 16 
111 
222 


e( (log2)? +(log 2)?+(log2)") 3 


eV 3log2_ 


o((log2)?+(log)?-+(log8)?) 2 


e((log 2)?+4(log2)?+9(log2)?) 5 


ev 14log2 


153 


154 Multiplicative Differential Calculus 
Exercise 5.9. Let 


x = (3,12); 


i TAO): 
Find |x —.y¥- 


Answer 5.7. 


o( (og 3)’+2(log2)*) ? 


Note that 


(x X)* = ellogx1)”+(logxx)”+---+(log.xn)” 
’ 


and 


1 
1 (Iogelloess)*+(se02)?+-+(a5on)? ) 2 
((x, x) x) 2% = e 


= |x. 


Theorem 5.4. The multiplicative length has the following properties. 


1. |x|, >a Or. 
2. If |x|, = 04, then x =0,. 


3. ou xle = [clare lee 


Proof 
1. We have 
1 
xl, = el (logs)? + (logs)? +--+ (logatn)?) ? 
= 
= ‘1 
= (Q,. 


2. Let |x|, =0,. Then 


1 
e((logx1)?+(logx2)?-+---+(logxn)?) 7 - 0, 


The Vector Space RY. 


= 1 
= ra 
Hence, 
Z 2 2 
(logx1)° + (logx2)" +--+ + (logxn)” =0 
and 
logx, = O 
logx2 = O 
logx, = 0. 
Therefore, 
XH 9 SH KH 1 
and x = O,. 
3. Letc > 1. Then |c|, =c and 
Cyx= (closes pee cioes2,, _ rene) , 
and 
2 23 
lo elogclogxy +(lo elogclogx +(logclogx, 2 
ore o((leg )'+ (log )’) (logclogxn) 
1 
ea e( (logelogxy )?+(logclogx2)?+---+(logclogxn)?) 2 
2 2 2 : 
= eloge( (logx1) +(logx2)"+--+(logxn) )? 
>) 
and 
2 2 2 5 
colle = creel (los)? (login)?+-+(logtn)?)? 


1 
2 2 
slogcloge( ("8") +(logy)"+--+(logn)? ) ? 


Nie 


eloge((logx1 )?+ (log )?+---+ (logxn)) 
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Therefore, 
Io X|_ = Ce [x|y- 


The case c € (0, 1] we leave to the reader as an exercise. This completes 
the proof. 


Theorem 5.5 (The Multiplicative Cauchy-Schwartz Inequality). For any x,y € R%, 
we have 
[xr ale S eles ble 
The equality holds if and only if x and y are multiplicative proportional. 
Proof Let x = (x1,%2,...,X%,) and y = (y1,y2,.--,)n). Then 


(x,y) ¢ = el0s*1 logy: +ogxz logya+--+logan logyn 


and 


elogx1 logy: Hog log yz +--- Hog xn log yn 


if logx, logy; +logx2logy2 +---+logx, logy, > 0 


I(,Y)ale = 
log x; logy; +logx2 log y2+---+log xy log yn) 


a= 
if logx; logy; +logx2logy2 +---+logx, logy, < 0. 


1 1 
e( (log.x1)? +(logxz)?+---+(log.xn)) ? ((logy1)?+(logy2)? +--+ (log yn)*) ? 


IA 


I 


[la Yl. 
Next, 

| (5) fa = Pela ox Lyle 
if and only if 


e) ogx1 logy: +logx2 log y2+---+log xn log yn!| 


1 1 
— o((logx)? +(logxy)? +--+ (log.xn)?) ? ( (logy: )? +(log y2)+---+ (log yn)) 2 
if and only if 


(log.x; logy; +logx2 logy: +++ +logx,logy,)? 
= ((logx1)* + (log.x2)? feet (logxn)”) 
x ((logy1)? + (log y2)* +--+ + (logyn)*) 


if and only if 


(logx1)” (log y1)” + (log.x2)* (log y2)” ++ +++ (logxn)? (log yn)” 


The Vector Space RY. 


+2 .% logx;logx;logy;logy; 


i<j 


= \(logx)*logy)?+ S (logx)*logy,)?, 


i=l ij=lifi 
if and only if 
elosrilogy; a ele jlogyi | LGe F154 ‘ wn}, 
if and only if 
Xie Vi F=AXj xis US hm eee a 
if and only if 


Xi Vi =X j/di, Let piagrh ys 
This completes the proof. 


Corollary 5.2. For any x,y € E, we have 
[x Ve S lee le 
Proof We have, using the multiplicative Cauchy-Schwartz inequality, 


Ixtayler = Oty, xt+ey)s 
— (X,X) es (X,Y) +e (YY) 
= xl teen (Wa te 


< [x|2* Tx e wae Le oe Wl he Ll 


2. 
= (ble te bk)”, 


whereupon 
ete vle S [ale He Lyle 


This completes the proof. 
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5.5 Advanced Practical Problems 


Problem 5.1. Let 
= 352 ! 5 
x = s,4 
ment | 3 ) ) ) 
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1 1 
= (-,4,6,1,—). 
y (. 6, 3) 


Find x+, y. 


Answer 5.8. 


Problem 5.2. Let 


& 
lI 


(2,4,6,7). 


Answer 5.9, 
(else 2E9, Pine re cesloe® clewslae ; 


Problem 5.3. Let 


x = (3,4), 
y = (2,3), 
ge = (2,5). 
Find 
(2X +49) 434 Z. 
Answer 5.10. 


ee ere 


Problem 5.4. Prove that 


14 

aQ = (c,c?,e4) 
1 

4a. = (c?,e,e2) 


are multiplicative linearly dependent and linearly independent. 


Problem 5.5. Prove that 
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€3 


lI 
fo 
aos) 
NI] w 
fem 
eee 


are multiplicative linearly independent and linearly dependent. 
Problem 5.6. Let 
e. = (4,5) 


aQ = (1 ; 3). 
Prove that e; and e2 are multiplicative linearly independent and linearly independent. 


Problem 5.7. Let 


x= eee) ; 
y =*% (2732-27) 
Find (x, y).. 
Answer 5.11. ¢!°. 
Problem 5.8. Let 
x = (e eee ), 


Check if x L, y. 
Answer 5.12. No. 
Problem 5.9. Let 


x= (eee 2"). 
Find |x|,. 
Answer 5.13. ¢*. 
Problem 5.10. Let 


x _ (2,4,3), 


y = (1,2,3). 
Find |x —,y|.- 


Answer 5.14. 
eV 2log2_ 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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Partial Multiplicative Differentiation 


In this chapter, we define partial multiplicative derivatives of first and higher order 
and investigate some of their properties. In the chapter, we are considered multi- 
plicative differentials and they are given their expressions. We define multiplicative 
directional derivatives and deduct some of their properties. In this chapter, we have 
given some necessary conditions for existence of local extremum of a function. 


6.1 Definition for Multiplicative Functions of Several Variables 
Definition 6.1. Let f : R’ — R. We define 


Example 6.1. Let n = 3 and 
A(X) =X1 4X2 443, XE R3. 


Then 
f(x) _ StI log logx3 xe R3, 


ane Jog(log:x; )log(log.x)log(logx3) 
log(log.x1 ) log(log.x9 ) log(log.x3 
e , xeR?. 


f.(x) =e 
Example 6.2. Let n = 2 and 
f(x) =x ti, xe Ri. 


We have 
f(x) =x1x2, x € R3, 


and 
f(x) = eB loge. xE R2. 


Example 6.3. Let n = 2 and 
f(x) =sinx,+cosx,, x €R?. 


Then 
fel) = guntloeni}teosllog). xe R?. 
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Exercise 6.1. Let n = 3 and 

f(x) =x, +x2-23, xe R?. 
Find f,(x), x € R?. 


Answer 6.1. 
e081 tlogx.—logx3 xe R?. 


ee 
6.2 Definition for Multiplicative Partial Derivatives 
Suppose that A C R” and f € @!(A). 


Definition 6.2. For j € {1,...,n}, we define 


The set of all functions f : A > R that are continuous on A and have continuous 
partial multiplicative derivatives on A is denoted by @ (A). 


Example 6.4. Let 
f(x)=24x2, xeR?. 


We have 
Feld)’ = 2x45 
= 2 
. = 
F(x) 2x2, x ER, 
and 
x1 fry (x) 
sa = e fe 
nt 
— ets ; 
X.fx9 (x) 
xX) = e fe) 
7 
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Example 6.5. Let 


f(x) =2+sin(xt) +24, xeR?. 


We have 


fe (x) = 2x1 cos(x7), 


Sep X) 4xn, XE R2, 


and 


x fey (x) 
im (x) — e fi) 


xt cos(x7) 


UTE KORE} 
= e 2+sin(xy)+2%5 


X9 fry (x) 
a (x) —- e fe) 


2 
4x5 


Fen Hd. 
= e 2 tiny) +2x5 2 Ce Re 


Example 6.6. Let 


f (x1,x2) =e" + (logx2)? +3—sin(xix2), x € R2. 


We have 


fe, (41,x2) = ee! —x2cos(x1x2), 


2 
fo 1x2) = eee LOS 2)» xeER?. 


Hence, 


= (e1 “4 cos(r4*9)) 
he (x1 ,X2) = ef ! +(logxg)-+3—sin(x] x9) : 


2log.x9 —x] x7 cos(x1 x9) 


Fi (eix) = et Hoes), (yx) € 2. 


Exercise 6.2. Let 


f (x1,x2) =e" 43 +4sin(x)+x2), (x1,%2) € R2. 


Find ff, and fy. 
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Answer 6.2. 


xy (1 x2 +c0s(xq +x9)) 


* = 1792434 sin(xy + 
ies (x1,x2) = e¢ sin(xy +x) ; 


x (e172 +c08(x1 +19) 
nee (x1,x2) = e 1X2 434 sin(xy +49) , (x1,X2) f= R?. 


Definition 6.3. Suppose that f € @7(IR"). We define 
nay = Fa), Ej E (hyena 


The set of all functions that are continuous on A and have continuous partial multi- 
plicative derivatives up to second order is denoted by be (A). 


As above, it is defined the set @*(A), k € N. We have 


cox f—f2, 
u( Ges Ap 4) 
tex, — € ) 
Srjx ffx Sx; 
sek XiXj De eae 2 . 
XjiXj = e J 3 LJ Al aoytth if j. 


Example 6.7. Let 


F(o1,%2) =x +25 +2192,  (x1,22) € R?. 


We have 
Fe, (815%2) => 2xj-A x; 
Se X1,x2) = 2x2 +x], 
Fix X1,X2) ay 2, 
Saiz X1,X2) a 1, 
2 
Fox X1,X2) = 2; (x1,X2) = Ry. 
Hence, 
x (2x) +29) 
te (x1 1x2) = oe $5 +a , 
x9 (2x9 +2) 
nae) 


fix) = e122, (x1,x2) € RE, 
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and 


2x1 +x 


165 


fim ot) 


2x1 +x 


a ( Ls sicegyayocs ear) 
t 
e Tbs beg 


(xf +33 +x] x9 2 


*1 (2 2 
e xT x5 +X] XQ 


Diy 2 

is ~2xq $45 — 2x1 x9 

122 2 
(xq +45 +41 x2) 


and 


21,2 
4x x5 +x7 XQ +0 
u( 1749774472 3 
e @F 4x5 4.19) 


aq x5 +x] XQ 


3 24952 2) 3 2 3 2_ 5,2 
es ( 2x7 iE At Ta +x x5 -2x7 x9 ) 
2 
Z ( ) 


3 
2 


) (x1,X2) ER, 


Fe ie) 


254.52, 

XT ANS +X] XQ — (2X1 +x9) (2X9 +x 
nn(4 atx x9 — (2x4 +x9) (2x9 2) 
e 


(xf +33 +x] x9 2 


and 


2x9 +X] 


Dineen. 2_ 5,2 

XT AX AX Xq —4x4 XQ — 2x7 —2.x5 — x1 x: 
“(4 9 +X] XQ —4] x9 — 2x7 — 245 —X1 XQ 
e 


Qt 433 +x] x9 2 ) 


hk 


nla 2 
XT XH TX] XD 
X2X2 (x1,x2) e oe 


xy +2x9 


2 


* Daf +205 +20 xy — (20g +4 4 
(Ff x5 txyx9)? 


*2 (= z 
e xT x5 +X] XQ 


2x9 +X] 


2. 2 2 2 
ee 2x7 +2x5 +2x 1 x9 — 45 — 4x x9 —AF 
@ +3 +x] x9 2 


x2 
e (23a, 


aq = 2x3 —2x x9 
Qt +33 +x 129)2 


| 1 
Exampl 8. LetA=([7,2] [= 
xample 6.8. Le a°3| * aes 


fx ,X2) => sin(x)x2), 


3 24 4,2 
it (3 +415 +4xqx9 
e (xf +35 +449)? 


2 3 253, 21,2 wes 3 2 
¥ 2x7 xq b2x5 +2x 1 x5 bay HH 5 bx XQ tT x — 2x5 — 2x x5 
2 Dye 2) 
. (x ) 


ptxatxyx2 


) , (*1,%2) € R2. 


10 
. Let also, 


(x1,*2) EA. 
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We have 
Sx (x1,X2) = X2 COS(x1x2), 
fies (%1,X2) = X1 COS(X1x2), 
ye 
Sex (x1 x2) = xX sin(x1x2), 
Sax. (x1,*2) => cos (x1x2) — X{X2 sin(x1x2), 
er 
Feyry¥1,X2) = —xzSin(%1x2), (1,2) EA. 
Hence, 
cos(x1 x) 
X1X2 <= 
fim) = meee 
x 1X2 Cot(x1 x 
—  ¢kix2cot(x 2) 
cos(x1 x7) 
x1x2 = 
Fey (i522) = e ‘ 2 sin(x1x9) 
= er1t2 cota x2) (x1,x2) cA, 
and 
ae 2 (si Oy 2 
- a (ey Se dent?) 
Fee (x1,x2) = i 
x, ( 72 cos(x1 x2) xyag 
— e VS singcpx2)~ (Sin@yx9)) 
X97 cos(x xy) sin(xy x9) x x3 
“1 (sin(x 1 2 
= e sin(x1 x9 
s( zeae) | 
e 
Sy Gna) ea) EA, 
and 


sin(x xp) cos(xy x9) xy x9 (sin(xy x9)? =x x9 (cos(xy.x9))? ) 
Pigs ( (Sin(xy x9) 


foxy 41,22) = 


i 
sin(xy x9 )—xy x 
an( ee) 
e (sin(xy.2)) , (x1,x2) EA, 
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and 


= % Ce re carla) "ay Gost) ) 
—_ 3 aes sin(x1x 
Fens 1X2) a e ue 


(sin(xyx9))2 


( x1 sin(x1 x9) cos(xyx9)—x7.09 ) 
x2 
e 


1. v 
sin(2x]x7)—x1 x9 
xy (ure) A 
Sy (sin(xqx9))? 5 (x1,X2) cA. 


Example 6.9. Let 


f(x1,x2) =log(x1 +22), (1,22) € R2. 


We have 
Fry (x1,%2) = fay (X12) 
_ 1 
a XxX] +x’ 
Sex, (x1,*2) = Freyxy (%1,%2) 
= Fox. (x1,x2) 
1 
pe » (%1,%2) € RY 
(x1 +x)? 
Hence, 
fei) = eT FRTCERT FD 
x2 
te (x1,42) = e@iPaiiesits) | (x1 ,x2) € R?, 
and 


“ 1 Z 1+log (x +x) 
(= Fx9 logy +49)! (ey Hay) (log(xy +29)? 


II 
o 


Fis) 


¥ (2 log(x1 +x )-+x9 log(xy +x9)—xy —x] log(xy +x2) ) 
(1 $49)? (loge x9) 


X log(x4 +x2)—x1 
=e (xy +x)? (log (xy +xy))? 


) (x1,x2) ER, 
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and 


1+log (x1 +x9) 
xy +x)" (log(xy +39))? (x1,*2) (2 R?, 


X{X2 
fie*l%2) = e (| 


and 


5 ( 1 “i spel +x) 1) 
= (x1 +49 )log@y +x) xy +7)? (log (xy +x 
see (x1,x2) =e 1+%2 1+%2 (xy +x7)* (log(xy +2) 


4 (x1 +X9) log (xy +9) x9 =X log (xy +x9) 
(xy $x) (log(xy x9)? 


x4 log(x4 +x2)—x9 
=e (x4 +x)? (log(xq +x9))2 : (x1,x2) e R?. 


Exercise 6.3. Let 
f(x1,%2) =x1 +x24+sin(x;+x2),  (x1,%2) € R?. 


Find 
Jy ise), Lem Cree ae (x1 ,X2) eR’. 
Answer 6.3. 


xy (1+cos(x1 +29 )) 
* oe ee es Fane) 
i (x1,x2) = ex +xytsin(xy +x9) ; 


ix ( — (x1 +x) sin(xy +x )—2cos(xy +x )—2 


ay hg +8in(xy +x9))2 ) 
fey W15%2) = ica » (1,22) € Ry. 


Note that, for any f € @2(IR”), we have 
xj(*) = Sex), xe RY, 


OSX IX; 


i,j € {1,...,n}. 


6.3 Multiplicative Differentials 


Suppose that A C R” and f is enough times continuously-multiplicative differentiable 
on A. 


Definition 6.4. We define 


d,f (x) = ce “¢ DX] tx Sy x Beka tes te Ke, x den 
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and 
@f(x) = SOR Ie at Oe ater, Me pore ae Mee 
A(x = xpxy * EX Tk I ypu OX QT x Sein xt AX, 
2 2 
+07 ee 4 A,X] + AX +4 O° Feoe 4 AX] 4 AX3 
2 
“Best skeet. X1Xn A,X +A Xp 
see ae 
2 eK 
+,e° +5 : 4 A Xn—1 x d,Xn; 
and so on. 


Example 6.10. Let 
f (*1,*2) = X12, (x1,x2) € Ré. 


Then 
Fx X1,X2) = x2, 
Se X1,X2) = x1, 
Seyx, X1,X2) = 0, 
Faix X1,X2) = 0, 
2 
Fox X1,X2) = 0, (x1,x2) € Ry. 
Hence, 
2 
ti (x1,x2) = ela 
= e, 
XY) 
ie (x1,x2) = es 
=e 


170 


Therefore, 


d, f (x) 


dz f (x) 


Example 6.11. Let 


Then 


and 


f(x1,*2) = log(x1 —+ x2), 
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X14 XXX 
wi39( 1 2 ai 2) 
e lag) 


Firs, (4192) = 


foxy (41,92) = e€ 12 


= 1, (%,x) €R?. 


= ey dX +he d,Xx2, 
= 1 dx tye 1 dy nd. Lydia 
= AX Hy Oe De X14 EX He 1 AX 


= 0,. 


(x1,*2) E R?. 


Xx 
Ce toe (=), (x1,x2) €R2, 
xo 1 
Fe, (41,2) =a nee 
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_ 1 
= = 
XQ x1 
1 
a OS 
x2 
1 
Fax 192) = -Z 
7 an 
Freyxo (%1, 22) = 0, 
mo 1 2 
Fox (x1,X2) — ao? (x1,X2) € Ry. 
p) 
Hence, 
a 
15 a 
fix) = o8( x) 
I 
— om), 
pail 
xy —# 
fy (4142) = € woa(35) 
= Lo 
= tos (x5) (x1,x2) € Ry, 
and 


172 
and 
Fee ONO) 
and 
Seyi) = 
Therefore, 
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2 
yy, x1,%2) € RY 


*d 


‘ (x1,*2) E R?. 


1 as 1 
d, f (x) =e" a 4 ,X1 +, ps %) x2, 


(x1,x2) € R2, and 


1 1 
-—_1_, Tioe(2L))2 
d? f(x) = e (os(35)) op dye? +40? +e (ie) A,X) “4 AX2 
_ At 
tye CEN) dt, (x1,x2) ER. 


Example 6.12. Let 


f (x1,%2) = (x1 Sea (x1,x2) € R?. 


Then 
fe, 
fey 
feyx 
fax 
froxy 
Hence, 


FE, (41,2) 


X1,X2) 


X1,X2) 


X1,X2) 


X1,X2) 


X1,X2) 


8, 


(x1,*2) E R?. 


2(a1 +2x9) 


al 
e (xy +2xy)? 
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= ert2x2 
xy 1e1t%2) 
Taape\2 
Fy hig) = e. (1 +2x) 
4x9 
= e1P2, (x1,x2) € Ri, 
and 
1(aae- phe) 
a = x1 2x2 2x 
Et Cie) =" e (x1 +29) 
Ax, x9 
Tes LIxn 2 2 
= ema, (x1,%2) € Ry, 
and 
_ 4x1 x9 ‘ 5 
kK — é 2X: 
Fir (%1%2) = e€ M2), (x1,%2) ERY, 
and 
Ax, x9 
Fea yd 2 
Fis i982) = ema), (x1,%2) € Ry. 
Therefore, 
2x1 4x9 
d,f (x) =e? «dix ty, e9P? -,dyx2,  (x1,x2) € R2, 
and 
4xy x9 4x x9 
2 _ 2 
d? f (x) = eit) aia +47 ne C14%2)" 6 Ax 4 Ax? 
4x1 x9 


+s xX: 25 
+e 1422)"  dyx5*, (x1,%2) € R?. 
Exercise 6.4. Let 


Find 


Answer 6.4. 


dy f (x1 ,X2) => el *k dx +e en she d;X2, 


2: 2. 
d? f (x1,x2) = Ol day te? day, (41,42) € R?. 
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Below, suppose that f and g are enough times multiplicative continuously- 
differentiable on A. Let a,b € R,. Then 

1. dy(a-s f(x) £404 9(x)) =a4ds f(x) t.b +d, g(x), x EA. 

2. dg( fx 8)(X) = F(X) de (%) ta def (X) 48 (4), EA. 

3. dx(f/48)(x) = (def (Xx) 8(2) x F(0) de) /+(8(2)) B(x) # 04, 


xE€A. 


6.4 The Chain Rule 

Suppose that A C R?, a,B € Ry, a < B. Let gj € G) (a, B]), 7 € {1,..-.,n}, 
S(t) = (g(t), 82(¢),---,8n(¢)) : [@, B] > A. 

Let also, f € @) (A). Then 


d,(f(g(t)))/sdat + = efemy &S (sl) 


= eet (i (8(0)) 84 (0+ Fig (80) )8h 0) ++ Fin (@(ED)8nl)) 


fey (60), 
= of Hew 817 


fe) \ 81) 7 fig) \ + Lin (9(0) \ Sul) 
a (< F@W) ) (¢ CO) 3 -(é Fe) ye 

(yf BO) 810 (py £22 (8) 850 Sen (8(t)) , gh(t) 
- ("" Fem) 'a® \.( 20 Feay tne |... ie Flety) ‘at 


= (Fz, (8) «810 ++ (Fe (8()) +820) tae 
++ (fn (S(O) +80, + € [o, B]. 


Example 6.13. Let 


Fig 0) op 4 4 Lin EO) of 
Feat 82) t+ Fay Bult) 


Set 
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w(t) = P42, 
x(t) = (xi(t),2(t)), teR. 
We have 
x(t) = 2+, 
a(t) = 3f74+2, 1reR,, 
fe, (41,2) = Shae 
fox (%15%2) = 10x3,  (a1,%2) ER. 
Hence, 
3(x (0)? 
f(a) = 2 OGmFmm™ 
3(1241)3 
(f2-4)3 + (f2 412)10 
= el torrie te)™ 
10(x9 (r))? 
FiOa(t)n(t)) = oO Roem" 
10(#3 412) 10 
= e 4348 42)10 
t(2t+1) 
x{Q) = 
+1 
— enl, 
~ 732421 
xx(t) = ¢ 8+ 
— ert, teER,. 
Therefore, 


dxf (t)/sdst = (Fi, 0e1(€),¥2(t))) (2) +e FG 1), ¥2(8))) 33 (0) 


2 5 3, ,2)10 
Payer wet mane ea ae 
= @ eT +,e ett 
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3(2+1)9 (2¢+1) ; 10(13 +12) 0 (3742) 
2 DPF) ‘(4D ((2493 (6 +2)2) , tER,. 


Example 6.14. Let 


f(t) = (sint)2(cost)3, 1é E =| 
Set 
x(t) = sint, 
x(t) = cost, téE =.5| 
Then 
xi(t) = cost, 
X(t) = —sint, te [F.5], 
and ; : es 
flan) =mOreoOy, re [F,4 
We have 
fe, (41 (¢),¥2(t)) = 2x1 (t)(2(t))°, 
f(t), 22(¢)) = 3(ai(t))? a(t)’, 
fi a(),2(t)) = e, 
BReOwoy = 2, 
x7 (t) — ef cott 
x(t) = eM pe [5] 
Hence, 


ds f(x1(t),x2(t))/adat = (FE, Or (#),22(0))) aT) te (FG 041 (1), 220)) 23) 


2 tcott 3 —ttant 
. +x e+e 


= a 
et cott een te 


a3 
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Example 6.15. Let 


fla(t)x2(t) =(e+e*)? rt, reR. 


Set 
x(t) = ete*, 
x(t) = t, teER, 
Then 
x(t) = &+3e*, 
w(t) = 1, teER, 
and 
f(mi(t),2()) =P oa())*, teR.. 
Hence, 
fe (11 (t),x2(t)) = 3(x1(1))? Galt)’, 
folti(t),x2(t)) = 4 MP@)yP, tER., 
and 
Fiei(t)n2(t)) = &, 
falu@m®) = ¢, 
HQ = ene 
w(t) = e tER, 
and 


(f(t) /edt = (fe, 0e1(t),2(0))) 1) +e (F514), 22(0))) 2 (0) 


pot3e% 4 
= eye ef test +,e ~e 


Ww 


t 3t 
37 2 3¢ 44 
eo atet FER,. 
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Exercise 6.5. Let 
f(t) =(e +2e*)*(cost)?, 1+ E Ry. 


Find 
d,(f(t))/sdst, tER,. 


Answer 6.5. 


6.5 Multiplicative Homogeneous Functions 
Let A CR. 
Definition 6.5. Let f : A — R,. We say that f is a multiplicative homogeneous func- 
tion if 
Fist tll ei) ET ef ial. Cyd se RE 161) 


t € R,, for some k € R. The number k is called the degree of multiplicative homo- 
geneity. 


We can rewrite equation (6.1) in the following way. 


k 
f (cloerloess eet loge. . ete) = ellogt) log f (x1,*2,---.Xn) 


% 


(X1,%2,---,%n) CA, t E Ry. 


Example 6.16. Let 
F(x1,%2) =H192, (1,22) € RZ. 


We have 


f (closttoes ghee) aa elogtlogx, elogtlogx2 
lost logx; +logtlog x2 
= elogt(logxy +log x2) 
lost log(x142) 


= ¢lostlog flim) (x1,4)E R?, teR,. 
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Thus, f is a multiplicative homogeneous function with degree of multiplicative ho- 
mogeneity 1. Also, it is a homogeneous function with degree of homogeneity 2, 


because 


f(tx1,tx2) = (tx1)(tx2) 
= t°x1x9 


= Pf (x12), (x1,.2)€R, teR. 
Example 6.17. Let 
f(x1,%2) =x1+2x2,  (x1,22) € RY. 
We have 


f (tx1,tx2) = tx, +tx2 
= t(x1 +x2) 


tf(x1,%2),  (xX1,x2) € R?, teR,, 


i.e., f is ahomogeneous function with degree of homogeneity |. Next, 


Ba (cleertoes dees) = elogtlogxy +4 elost logy. 


(x1,X2) € R?, t € R,. Hence, f is not a multiplicative homogeneous function. 


Exercise 6.6. Let 
F(%15%2) =x4733,  (a1,22) € RY. 


Prove that f is a multiplicative homogeneous function. 


Theorem 6.1 (The Euler Equality). Let f ¢ @!(Rx") be a multiplicative homoge- 
neous function with degree of multiplicative homogeneity k € R. Then 


X1 x (fi (x1,X2, ee oy) +442 ie, (x1,X2, ee tn) ty He ine ce (x1,X2, ee aay) 
=e efGtiscow: CnigatameRe 


Proof We multiplicative differentiate the equation (6.1) witn respect to t and we 
find 


Xx ( : (2tereer: clog! logx ests eee) 
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logtl logtl logtl 
St Seops, ( (er ogx glogtlogx,  plog pa) 


logtlogx, logtlogx: logtlog., 
tains (Ff, (€ gx glogtlogys  plog =) | 


, teER,. 


We put ¢ = e in the last equality and we get the desired equality. This completes the 
proof. 


|| 
6.6 Multiplicative Directional Derivatives 
Let A CR", f:A>R, f € @) (A). Let also, s € R”, s = (s1,52,...,5n). 


Definition 6.6. Let x € A. The multiplicative directional derivative of f at x in the 
multiplicative direction s we define as follows 


O* f/49*s(x) = lim (fle tat es) 2 S09) [at 6.2) 
* 
Note that 
XtyateS = (%1,%0,---,Xn) Halex (81,52,---55n) 
= (X1,%2,--- Xn) te (te 81504 92,--- 5b 4 Sn) 
= Ka tcl 81,02 til 525-0 Xn tel 4 Sn) 
= logtlogs; logtlogs logtlog sy 
= xj +,e 3X2 +4 yee es Xn tee 
= (xrelsetiogss x28! logs. . eeeee) 
and 
f(x ls Fas s) = a (srelzeriogss xp elost logs. Sn een) : 


a (x elos!logs1 jxgelost logs oat jane Pet Pete) 


f (%1,%2,..+5%n) 


f(xt+st45) + f(x) = 
and 


(F@ +t 45) £4) [at 


log f (x el8/10851 xp elO8t10882 vp eloetlogsn )-log f(xy X2eskn) 
= @ logt 
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Hence, 
Jim (f(e+et4s) <2 f (2) /at = lim (feet 5) 2 f (0) /af 
= Pyle) esr ta) eso ta, eas 
Therefore, 


Of /0,5(X) 
= fh) 081 te FR) 80th te SG) 9 Sn 


Example 6.18. Let 


fa) = xi +x, (x1,x2) € R2, 
gs = (2,4). 
Then 
fey (1,2) = 2x15 
Fo, (1,2) = 4d, (x1,x2) € R?. 
Hence, 
eee 
f,@) = e7™ 
ale 
a ern 
= 
I) = e x7 +x2 
ao) 
— ev1t2 (x1,x2) E R2 
Therefore, 
aa 2 
(Af /Os\@) = [et | 24, (<4) ..4 
2log 2x} 2log 2x 
2 
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2log2(x] +2) 
=~ ¢ a 
= 4. 
Example 6.19. Let 
f(x1,x2) = 3+sinx;+cosx2, (x1,x2) € R2, 
S — (4,8). 
We have 
ty (x1, x2) = COSX}, 
_ i ‘ 
‘ 7 7 . 
fey (X12) sinx,, (x1,x2) € R? 
Hence, 
fi (x1 ,X2) =  e3tsinxy +c0sx2 : 
2 ROSA : 
Ts (x1,X2) = e 3-+Fsin. xy +Cosx7 , (x1,x2) é R?, 
and 


(Of /4Ox8) = (FE (%1,%2)) 451 +4 (FF (21,%2)) +52 


X] COSxX] x9 sinxg 
— e 3+sinx, +cosx9 \~ 4 +, eC 3+sinx, +cosx9 \ 8 


2log 2x1 cosx} 3 log 2x9 sinxg log2 
—- e 3+sinxy +cosx7 +, e 3+sinx, +cosx9 


2log2(xq cosxy — 3x9 sinx, ) 


=e Fame, (4,42) €R?, 
Example 6.20. Let 
f(x1,x2) = log(xix2), (x1,x2) € RY, 
s = (3,4). 
Then 
Fre, (41,2) tc X 1X0 
1 
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x 
Fey (%1,2) = 
X{X2 
1 2 
a (x1,x2) € Ry, 
x2 
and 
Fi, (ax) = @, 
Be (x1.%2) = e@, (x1,%2) € Ri, 
and 
(Af /x0x5)(x) =  (f7,)) 451 ++ (F5.0)) 52 
= e,3+,e44 
= 34,4 
= 12, (1x2) € Rt. 
Exercise 6.7. Let 
F(xijx2) = x1x3,  (x1,22) € RY, 
s = (2,5). 
Find 
(0, f/40.8) (x). 
Answer 6.6. 
Je7 1085. 
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6.7. Extremum of a Function 


Suppose that A C R%. 


Theorem 6.2. Let f : A — R, has a local extremum at x° € A. Then f*(x°), j € 


{1,...,2}, do not exist or 


J 


fi (0°) =0 


J 


w Je{l,...,n}. 
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: 0 oO. .: 
Proof Since f has a local extremum at x", we have that f,,(x"), 7 € {1,.--,n}, 
do not exist or 


Since 


we get that da (x°), 7 € {1,...,n}, do not exist or 


fl oad oa ae Sa 


J 


This completes the proof. 


Corollary 6.1. If f is multiplicative continuously differentiable at x° and has a local 
extremum at x, then 


fi (x) =0,, je {I,...,n}. 


J 


6.8 Advanced Practical Problems 
Problem 6.1. Let n = 3 and 

f(x) =cos(x,x2x3), x € R3. 
Find f,(x), x € R?. 


Answer 6.7. 
f(x) =cos(log x; logxzlogx3), x € R3. 


Problem 6.2. Let 


2 
f(%1,x2) =e"! 434234 (x1,x2) € R?. 


1+ ae +x5 , 
Find f* and fy. 
Answer 6.8. 


x1 | 2x A cal 
a aes (1 +4 435) 


Daa I 

xp +3445 + 

| 2 Lat 433 
ee 


FE, (41,2) 


XQ | 2x9 - 2x2 
ee (Lag ta3)2 


fe 8) Ihe, (x1,%2) € RE. 


lI 
° 
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Problem 6.3. Let 
Ff (x1,%2) =xqxX2,  (x1,x2) € R?. 
Find 
Fe eas Fe Gi). ign) R2. 


Answer 6.9. 
Je (x1,x2) =. e*, 
Teej 1522) >= 03, (x1,%2) € Ri. 


Problem 6.4. Let 
f(x) =e, (x1,42) € RE. 


Find 
df (x1,X2), d? f (x1,%2), (x1,x2) cS R?. 
Answer 6.10. 
d,.f (x1,x2) = li dywxypt.e d,Xx2, 
d? f (x1,x2) = @é sd +,e% Bee (x1,x2) € R?. 


Problem 6.5. Let 


Find 
d,(f(t))/+dxt, te R,. 
Answer 6.11. 


2t —3t 
5¢ 26 —3e 434 cott 
e tte-3t , teER,. 


Problem 6.6. Let 
F(%15%2) =x8x5, (241,22) € RY. 


Prove that f is a multiplicative homogeneous function. 


Problem 6.7. Let 


F(x1,3%2) = x1x$, (1,22) € RY, 
s = (9,11). 
Find 
(O,f/+0,8) (x). 
Answer 6.12. 


el tlog3+6log 11 
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7 
Multiple Multiplicative Integrals 


In this chapter, we investigate multiplicative integrals depending on parameters and 
using them we define iterated multiplicative integrals. We define multiple multi- 
plicative and multiple improper multiplicative integrals and we investigate their 
properties. 


7.1 Multiplicative Integrals Depending on Parameters 
Suppose that a,b,a;,b; € R,, 7 € {1,...,m},a <b, a; <b;, 7 € {1,...,m}. Let 
D={(x,01,02,...,0m):a<x<b, aj<aj<bj, je{l,...,m}} 


and 
Dy = { (Oy Oiiy1.4 On) a; S Bj Dy, JE{i,...,m}}. 


Definition 7.1. Let f : D—> Ry, f(-,Q1,00,-..,Qn) € G([a,b]) for any 
(GQ, O2,...,Qm) € D. Then there exists 


b 
F (0t1,0125-++56m) = fff, 011,25-++4Qn) ade (G1, Qb,.--, Qn) € Dy. 
xa 


The function F is said to be a multiplicative integral depending on the parameters 
1, A2, ..., An. 


Note that 


b lio 
F(a ; OQ, Heng Om) = eda 5 log f (x,01 ,02,..., 


(C1, Om,-..,Qm) € Dy. If f € @(D), then F € G2(Dj). Let now, f(x,-,...,+) € 
€}(D,) for any x € [a,b]. Then 


On )dx 
3 


Foz; (Oty ,00,.-.,04n) 


a;— 
Fy, (O41, O25. +, Om) =e 7 P1424) 


oes pe 1 Sa; died alana a 
e IIa Xx f(x, 09 ,....0m) ~~ 


2 ie x log fa; (x, 0] ,Ql,.--,On )dx 


b 
| SG, (%s O41 Op, --- 5 On) A,X, (O61, O2,..., Qn) € Dj. 
*a 
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Example 7.1. Let 
f(x,a) = ex tax x,a@ER,. 


Then 


F(a) 


l| 


4 
/ f(x, ) dx 
x2 


2 
ah floge™ + dx 
4 x +ax 
ef x dx 


ee JF (xtar)dx 


8+4a—2-—2a 


Hence, 


= e", aeR,. 


Example 7.2. Let 
f(x,a) = gore) es oeRy, 


We have 


a CD 
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1 xcos(x+a)dx 


[2 cos(xta)dx 
e@ 


sin(x+@) 
e 


esin( § +a) —sin( F +a) 


= e2sin § cos( +a). aeR,. 
Hence, 
F(a) =—sin (F +a) e2sin § cos( +a) aeR,, 
and 
‘ 7 o£ (a) 
F*(a) = e F@ 
Be 2 ae Ge 
= e 2sin § cos ( 3 +a) 
= eo asin +o) ac R,. 
Example 7.3. Let 
F(x,04,02) =e Hx, 04,0 Ry. 
Then 
2 
F(@,02) = [fle e1.00) 4 AX 
* 


eli + log f(x 04 a )dx 


afr 1 02+apxtasx)dx 


— pli e+ap+03)dx 
x=2 x=2 
i? +(a?+a3 )x 
= e x=1 x=1 


190 Multiplicative Differential Calculus 


3 2 3 
= erty re 0,02 € R,. 
Hence, 
3: 2 3 
+0e+ 
Fo, (01, O12) = 2a),e27% % 
2,3+0?+03 
Fon (1,02) = 3ayze277%"™, ay,0 ER, 
and 
oe, Poe 61222) 
Fy,(01,02) = e% Perm) 
eu 
b 
cay 0g 12%) 
FR, (1 5 02) — e F(a ,a) 


Exercise 7.1. Let a= 1, b=2 and 


3 2 3 
f(x, 1 , On, 3) =e eA FOTN X, 1, 2,03 © Ry. 


Find 
1. F(Q), 02,02), 01, 02,03 € Ry. 
2. ae (Q1, OQ, O13), 01, On, 03 € Ry. 
3. Fy, (Qi, 2, 083), 0, 02, 03 € R,. 
4. Fy (G1, 2,03), 1, Or, 03 € Ry. 


Answer 7.1. 1. esta to3 +03 011, 02, 03 E Ry. 
2. 2, a, 0,03 €R,. 
3. 2%, 0, 0,03 € Ry. 
4. e, 01, 00,03 €R,. 


Below, suppose that c,d € Ry, c <d. 


Theorem 7.1. Let f € @,({a,b] x [c,d]), f%(x,@) exists and it is continuous on 
[a,b] x [c,d]. Let also, 6, y: [c,d] > [a,b], @,w € @)([c,d]), and 


Then 
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Proof We have 


y(a) 1 
F(a) = ela s8/%4 oy & fed], 


(wa) 6'(a) V1 f(xy 61) 
Fi(a) = Ge loef(v(a)ia)~ FS og s(o(a).a)+ [7 fate’ ax) 


y(a) 

selva) xo flemdr oe Io gl, 
Hence 

aha) 
F*(a@) = e Fo) 


Uy 
ot a B.A W(a).0.) 1G log F(6(a).0) +00 gio ¢ Aan’ dx 


/ / ‘x, 
oa low f(y(a),of)—a S15) log f((01).0¢) 011g) + eine as 


(a) 
= (Ey (arr) _, pr (any eeZOe) 4. LY” alec) ade, 


x(a) 


€ [c,d]. This completes the proof. 


7.2 Iterated Multiplicative Integrals 
Let aj,bj € Ry, aj < bj, jf € {1,...,n}, 
D = [ay,b4] X [a2,bo] x +++ (an, byl. 
Definition 7.2. Let f : D— R,. Suppose that 
Sf (25---,¥n),  f£$(%15°543,---Xn)) veep f (01, %2,--- Xn—1,°) 


are multiplicative integrable on [a;,b1], [a2,b2], ..., [an, by], respectively, for any 
(x1,%2,---,Xn) € D. We define 


—~ 
I 


/ f (x1 »XQ,+-- Xn) AX 0 Ag Xp—1 4 AXn 
xD 


n—1 
6 Ve : a X1,X2,-++5 Xn) AX] 0 Ay Xn—1 % AXp 
An J ky | 
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as follows 


bn bn—12 be by 
ca (/ wee (/ ( Fl 2, dat) dea) +e dain-t) +4 Ay Xp- 
*dn *An—1 *xa2 xd 


(7.1) 
The multiplicative integral (7.1) will be called the iterated multiplicative integral. 


We can rewrite the multiplicative integral (7.1) in the following manner 
1 ban Wet (Sak (Jat SEL ae ae) drp) dint) dn 
Example 7.4. Let 
f (x1,x2) = eiatnn, (x1,x2) € [2,3] x [2,3]. 
We will compute 
3 73 
I= / f(x1,%2) 4 A,X] 4 A,X. 

2 Sx2 

We have 


3 
Pei gilt (8 sg los fe 2)da1 Jey 
pp iA !_Io ETS 12 ay dx 
yi 2\J2 xx (08 1 ] 
oP (e ag OF ta1xy)de dey 


= fd UB (x2+1)dx1 )dxp 


2 
3 x 
ig (4 
= e 


= old (S241) dx 


xy =3 
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Example 7.5. Let 
f(%1,%2) =x1x2,  (%1,x2) € [1,2] x [1,2]. 
We will compute 
2 2 
i= / f (x1,%2) i. d,X * d,Xx2. 
x1 Jxl 
We have 


2/2 
eS ph (i ahs los(aixa)de1 dey 


oli ig (I? 7 loess +Hogxa)dx1 )dxa 


ae . (i? Fr logxydxy +f? Fs logxpdxy )dxy 


xy =2 


+logx2 (log 2—log ») dx 


ay) 
FP & (HE Hoe2togrs Jay 
e 


log2)? 2 2 
= oe Si wae tlog2 fj % log x2dx2 


x9=2 
(log2) 


2 
“—z— logxa Hog? |f logx2dlog.xy 


= e xQ9=1 


Xg=2 


(log2)3 


logx)? 
{log2)" + Jog2 les%2)" 


= e x9=1 


(log2)? , (log2)3 
— e 2 ' 27 


3 
= ellog2)” 


Example 7.6. Let 


f (41,%2,%3) = e243 (x1,.x2,x3) € [1,2] x [1,2] x [1,2]. 
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We will compute 


2 2 2 
I =) (/ (/ f (x1,%2,%3) d,s) da) 4 A,X3. 
xl xl xl 


oe sx elt (IP (Ii apabay loge 23x )dxy ds 


We have 


2( (2 2 
eh (i (i aabag (*1+2-+x3)d ) dy dg 


2(p2(2( 1 1 1 
ell (fi (fi (ay tas tay) 41) 402) drs 


x =2 xy =2 xy =2 


2] 2 1 
St Si 394371 


= e@ 


+3 logx +3 logx dxy | dx3 


2((2( 1, log? , log? 
ell (fi ree wis % Jara) ds 


xQ=2 
+ 


x9 =2 x9 =2 
log2 


73 


fr a log x2 x2 +log2log x2 


= @ 


Xy=1 


Xy=1 


2(log2 , log2 
_ FP ( SEHR 0p2)*) am 


2 ( 2log2 2 
elt 33 t (log2) )axy 


x3=2 x3=2 
2log2logx3 +(log2)*x3 
—- e x3=1 x3=1 
e2(log2)?+(log 2)? 
2 
e(log2) . 


Exercise 7.2. Let 


f (1,%2,%3) =e™23 (x1,x2) € [1,2] x [1,2]. 


2 2 2 
I -| (/ (/ f (%1,%2,%3) d,s) +d.) 4 A,X3. 
xl xl xl 


Find 
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Answer 7.2. e. 


Let f,g: D— Ry, a,b € Ry, and 


FUE Moyssh ays BCS X05 5 thas f B15 X3y30+ 5%), BUM Ma es Fan) 


FOG unica )s ieee o nae nme res 


are multiplicative integrable functions on [a;,b;], [a2,b2], ..., [an, bn], respectively. 
Then 


/ (a “ef (%1,%2,.-. Xn) +4 b +4 2(X1,%2,---,Xn)) 4 AX 4 AX 4 0 A Xp 
xD 
= ay [forms . Xn) 4 DX] 4 A,X2 40 AXy 
x 


+,b xf BU Rip X05 505%) eM 4 A X7 40 AX. 
xD 


7.3. Multiple Multiplicative Integrals 
Let DC RY. 


Definition 7.3. Suppose that f : D > R,, f € @(D). We define multiple multiplica- 
tive integrals as follows 


/ f(x) ~dx= iD merece X22 Xn AX] dx2...dXn 
«AX = ; 
xD 


where 
A,X = AX] +4 AX yp... AX. 


If f,g: DOR, f,g € @.(D), a,b € Ry, then 
[GLO tbl) adr = anf fle) oder 


+b: | g(x) + dyx. 
xD 


Example 7.7. Let 
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We will compute 


3,2 
-| evi? «, dyx. 
*D 


We have 
I Ps Joa loge"l2 dx, dx 
oe J oxy O2)am den 
2. of Soxp2dxi dy 
Let 
J= Hae xqxzdx dx. 
D 

We have that 

ea >I 

—>-—, x 

x] — 2 ? 1 > 
if and only if 

4 eae x, > 1, 
if and only if 

2> X] >1 
Thus, 
D = {(x1,x2) €R2:1< x <2, 5 Ss} 
1 
Hence, 
2 
Jo= i op xixpdxrdx 


lI 
—“——~ 
ie) 
ba 
a) 
—~ 
aa 
I |r 
Jr = 
& 
tal 
iS) 
NS 
= 
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Therefore, 


Example 7.8. Let 
D = {(x1,x2) € RZ: x} +25 < 16}. 


We will compute 


2442 
cal eritalry +3) AX 4 d,X2. 
*D 


We have 
7 ol Spay loge 20TH 2) dud 
_ ef Soaqtxg dai dxy 
Let 
ea (x7 +.x3)dxidxo. 
D 
Set 
x} = rcos@¢ 
x2 = rsing, r>0, @€ (0,2z]. 


Since (x1,x2) € R2, then @ € o. a . Then 


D = {(x1,x2) € R2: x; =rcosd, x2 =rsing, re (0,4], o¢ (0, 


Therefore, 


4 7% 5 
Jo= If r-dodr 
0 Jo 


4 
5h rdr 


q 


2 


) 
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and 


Example 7.9. Let 
D= { (x1 ,%2,%3) € R? : xp +23 +23 < 9}. 


We will compute 
22,2 
T= | e123 “‘ d,Xx “% dx “, d,x3. 
*D 


We have 
1 32322 
I el J Sa xx; Be 1°2"3 dx, dx2dx3 
— eb J Soxixaxzdxydxydx3_ 
Let 
Yo Lif X1X2x3dXx1dx7dx3. 
D 
Set 
x1 = rcosgdsin@ 
x2 = rsingsind 
x3 = rcos@, r>0, @€([0,2z], O€ [0,z]. 


Since (x;,x2,x3) € R,, we get that 0,9 € 0. | . Therefore, 
Jo= i fh | r’ cos @ sing (sin 8)“ cos Or* sin 0dOdodr 
0 Jo Jo 


3 ph pk 
rs i, ie r cos @ sin @ (sin 8) cos @dOdodr 
0 Jo Jo 


= (rar) ([, cososinouo (|, sino) cosaae) 
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aCeieas 


o| 
Np 


and 


Exercise 7.3. Let 


D = {(x1,x2) €R2:1<%, <2, 1<x. < 2x}. 


Compute 


2): 
| er 4 A,X] + A,X2. 
xD 


———EEEE 

7.4 Multiple Improper Multiplicative Integrals 

Let D be a bounded measurable set in R’. 

Definition 7.4. Let Mo € D and f be defined on D\Mo, and win, f(M) =. Take 
Mo 


€ > 0 so that U(Mo,€) C D, and let De = D\U(Mo, €), where U(Mo, €) is a neigh- 
borhood of Mo. Assume that f € @ (De). If the limit 


tim, Pla)-ader = ff FC) aden 


exists, then it is said to be a multiple improper multiplicative integral. In this case, 
we say that it is convergent. Otherwise, we say that it is divergent. 


Example 7.10. Let 
ex 2, 2 2 
D= {(x1,x2) ERY: 1 <a, +45 < 4}. 
Consider 


cd ka 


I= [ e ( Ma ») > dX] 4 A,X2. 
xD 


We have 


De = {(x1,%2) € R2: 1 +6 <a +23 <4}. 
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Then 


I = ime 
€>0 
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*1*2 


(ye 42 _1)2 
I Ie a loge “12 1) dx, dx 


IS de 1 dydx 


= lime 
€>0 


(xf+x5-1)2 


2 
5 Size —* 4p 


= lime 
€>0 


(p2-1)2 


Thus, the considered multiplicative integral is convergent. 


Exercise 7.4. Let 


D = {(x1,x2) €R2:1<x7 +25 <4}. 


Prove that 


A109. 


24 2-1)5 
=) e192 ') * dx, * d,x2 
xD 


is divergent. 


7.5 Advanced Practical Problems 


Problem 7.1. Let a= 1, b =2 and 


Find 


f (x, 1, 2, 08 


1. F (1, 02,0), 01, 02, 03 € Ry. 


2. 1 (G1, 2,03), 0, 02, 03 © R,. 
3. Fa, (G1, 2, 03), 4, 02,03 € Ry. 


4. Fe. (G1, 2,03), 0, 02, 03 © Ry. 


4 7 4 5 
) =e Hayy +03 )x 


X, 01,02, 03 € Ry. 
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15 ye 4 e) 
Answer 7.3. 1. cF TH+ CO, 03 © Ry. 
7 a 
2. e!%, Oy, 02,03 € Ry. 


4 7 
3. e®, a1 ,02,03 € Ry. 


4. &8, 0,00, 03 € R,. 
Problem 7.2. Let 


f(x1,x2,43) = e238, (xy) € [1,2] x [1,2]. 


2 2 2 
I =| (/ (/ f(%1,%2,%3) 4.31) +3) + A,X3. 
xl xl xl 


27 
Answer 7.4. e8. 


Problem 7.3. Let 


Find 


D= {(x1,x2) CR2:1<x1 <3, 1<x2 < 3x4}. 


Compute 
Sid. 
i; er ., A,X] +4 A,X. 
xD 


Problem 7.4. Let 
D = {(x1,x2) € R2 2x4 +x5 <9}. 


Compute 
i eri 9-¥—%3 + A,X] +4 AyX2. 
*D 
Problem 7.5. Let 
D={(x1,x2) €R2:1 <x, < 2m, 1<x3 < 4x5}. 
Compute 
if eX13%3 4 AX +4 AX 4X3. 
*D 
Problem 7.6. Let 
D= {(x1,%2) CR? : 81 <ad +45 4.x4 < 256}. 
Compute 
1.x (x7-+23-+23) 
e PPS AX 4 Ag X2 +4 A,X. 
xD 
Problem 7.7. Let 
D = {(x1,x2) € R224 <x +25 < 64}. 
Prove that Se 
= / ray 4 A,X] 5 AX2 
*D 


is divergent. 
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x Negative Number, 14 
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x Positive Number, 14 
* Reciprocal, 5 

* Subtraction, 5 

x Unit, 2 

x Zero, 2 

tan,, 31 

tanh,, 43 
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15 
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